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» Detection efficiency
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Characterization of data

* N independent measurements

Sum Y =Y«

Experimental mean # = 2/,

number of the occurences of the value x

Frequency distribution function F(x) = umber of measurements (=N)

YacoF(x) =1

X = )0 XxF(x) (by using Frequency distribution function)
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Characterization of data

Table 3.1 Example of Data Distribution Function 3
Data Frequency Distribution Function 131:
8 14 F(3)=1/20 = 0.05
5 8 #4) = 0.00
- 8 F(5) = 0.05
F(6) = 0.10
1o 3 F(7) — 0.10
13 9 F(8) = 0.20
FO = 0.10
7 12 %
F(10) = 0.15
9 . F(11) — 0.05 = 8
10 10 F(12) = 0.10 = g
. P F(13) = 0.05 =
F(14) = 0.05
11 7 0o
Z F(x) —1.00
x2=4)
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Characterization

A narrow distribution
(little scatter about the mean)
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A wide distribution
(large scatter about the mean)

d; = x; —X residual
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Characterization of data

* & = X; — U deviation (real mean)

« 5% = 8_2 = %Zlivzl(xi — ,Ll)2 (Variance) or s% = Z;ozo(x — ,u)z F(X) or
s2 = x2-y?
. o2 — LzN (x; — —)2 .
ST = N_q 2i=1 X;i — X)“ (using sample mean)

Any set of data can be completely described by its frequency distribution function F(x)

Particular if interested are: sample mean and sample variance
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Statistical models

» The Poisson distribution “discrete distribution”
Used where events occur randomly and independent in space or time

 The normal distribution “continuous distribution”

« Central limit theorem (CLT)

« Sum (mean value) of a sufficient number of independent and identically distributed random variables is
approximately normally distributed
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Statistical models

 The Poisson distribution

(u)*e #
x!

P(x) = noP(x)=1

Mean value }?_,xP(x) = u

Distribution variance c? = Y%_,(x — ¥)?P(x)= u

Distribution standard deviation c=4/

Mittuniversitetet



&

Mittuniversitetet

MID SWEDEN UNIVERSITY

Statistical models

« The standard normal distribution YeN(0,1) (tabulated)
e x=0,0=1

2
1 X
PP =gme

» The normal distribution XeN(u, o)

—(x—g)z
e P(x) = o€
* Transformation from Xto Yis by; Y = ;%u
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Statistical models

« Approximation of Poisson distribution by the normal approximation (Gaussian app.)

mean value 3,8 mean value 20

0,25 GZ\/E 0,1

AR
A 0,08
normal

0.2 ’ . \ poisson [7]
poisson \
normal
0,15 0,06 \‘

/
0,04 / \

0,1 \
/ \ / \
0,02 / \

0,05
\ / \
/ \
0 ]\\ - 0Lty u‘jl Nl 1

0 2 4 6 8 10 12 14 0 5 10 15 20 25 30 35

\
N
probability

probability

x-value x-value
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Statistical models

* Finding the probability in-between interval

This theorem can be used to find probabilities about X, which is N(u, ¢?), as
follows:

o )

since (X — p)/o 1s N(O, 1).
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Statistical models

 Finding the probability in-between interval, example

+ IFXe N(3,16) then P(4< X < 8) =P(=<=—<>2) =

?(1.25)-0(0.25) = [tabulated] = 0.8944 — 0.5987
=0.2957

d(z) = e "2 dw.
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Statistical models

 Confidence interval for means with known variances

<) tme AEond ) snst el )
Pl —z,, < LEzm|=1~0 B =gyl-—=l<pEX+te,l—=]l=1~-0n
( i 0/\/; & /2\/; /2\/;1

The interval is given by: The number of probability is given by 1- «

Zy /2 IS tabulated
ut o — o
X —z, 2(——), A + g, (-——)}
[l Gh el

Mittuniversitetet



4

Mittuniversitetet

MID SWEDEN UNIVERSITY

Statistical models

Confidence interval for means with known variances

14.436,8.384|

Example 6.4-2 Let X be the observed sample mean of 16 items of a ‘j‘?"’"""'

random sample from the normal distribution N(g, 23.04). A 90% confidence [5Ee08

interval for the unknown mean u is L

[3.606,7.554]

[4.871,8.819]

[X e~ ] 645 1 645 /23 04 [2.793,6.741]

[3.050,6.998]

[5.435,9.383]

. . . [2.536,6.484]

90% confidence interval resultin an a = Ao

0.1 (09=1' a) and Za/2: 1.646 (3.068.7.016]

Let u=5 computer simulation of the interval g

. [3.564,7.512]

glveS: [4.207.8.155)
13 of 15 simulated interval contain p=5 (86%) T ISP
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Statistical models
« Confidence interval for means with estimated variances, t distribution

r is the degree of freedom r=n-1, large number of
r result in normal distribution

[[(r + 1)/2]
ST TE/201 + 2/ b2’

g(t) = gy & F % 1.

T,r =1 or Cauchy

WEMARK  This distribution was first discovered by W. S. Gosset when he was
working for an Irish brewery. Because Gosset published under the pseudonym
Student, this distribution is sometimes known as Student’s ¢ distribution.

1 s i i 4
T T i X 4 u T T T Al Al
-3 <2 | 1 2 3
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Statistical models

« Confidence interval for means with estimated variances, t distribution

T = X—p n=20 assume that the population is normal
S/x/n distributed
has a ¢ distribution with r = n — 1 degrees of freedom, where S? is the usual 481 537 513 583 453 510 570
1z St1 2 == B —_ = o/2
}lirlllz;ased estimator of a°. Select t,,(n — 1) so that P[T > t,,(n — 1)] = ¢, 500 457 555 618 397 350 543
- 499 421 505 637 599 392
| —g=P pe2t L
—a=P —tpn—1)< s/ < tya(n — 1) For these data, X = 507.50 and s = 89.75. Thus a point estimate of u is
x = 507.50. Since t, 45(19) = 1.729, a 90% confidence interval for u is
_ S = S
=Pl X —t,n—1)—F=<pu<X +t,,(n—1)—F7|
[ 1/2(” )\/; # (l,Z(n ) V/;j| 8975

507.50 + 1.729(—),

/20

Thus the observations of a random sample provide x and s* and
507.50 + 34.70, or equivalently, [472.80, 542.20].

= S =
[x —helt — = B hyulp—~ 1) ﬁ} if n is larger than 30, nonnormal distribution can be
% approximated with normal distribution and by t student
is a 100(1 — «)% confidence interval for . distribution, Central limit theorem (CLT)
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Error propagation

2 2 2
* The error propagation formula: of 2=(a—f) g, >+ (a—f) oy “+ (a—f) o

0x dy dy
f(x,yz,...)

 Valid only if the variables x,y,z.... IS iIndependet
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Error propagation

« Data processed by multiplication, addition or other functional manipulation

« Addition and Subtraction: f=x+yorf=x-y
of of

6x=1 £=i1

* or2 = (%0, 2+ (£1)%0y 2

© oF = \/ax °+a,, *
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Error propagation

« Example
o Z=X-y net counts= total count-background counts

Total counts =1071 (X)
Background counts=521 (y)
Net counts =550 (z)
o, =+/x (Distribution standard deviation 6=4/11)
gy =y
0, =\/x+y =V1592 = 40

Net counts= 550+40
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Error propagation

 Multiplication or Division by a Constant

[ =Ax
of _ 4
ox
ar = Aoy
g=x/B
o
q7=-§
Conclusion the fractional error is the same by examine the %,% and compare with %

Countrate=r =% x=1120 t=5s r=1120/5=224s' o, =Z="22=67 r=224+6.7
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Error propagation

Multiplication or Division of counts

* f=xyor ==
8 ¥
U=y U= x {the error propagation formula} o 2 =v%g,% + x%0,°
Oy y oy g f Y Ox y

Divide with f?=x?y?

2 2 2 2 2 2
(%) =(%) +(%) fractional error, gives the same result for division (%) =(%) +(%)
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Error propagation

« Example

count from source 1 N1=16265

count from source 2 N2=8192

Activity ratio R=N1/N2=1.985

2
(”—R) =M 4 M2 1835104 22=0.0135 op = 0.027 R=1.985+0.027
R N.i% N, R
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Error propagation

* Mean value of Multiple Independent Counts

2
E:x1+xz+---+xN Gg=0§1+0§2+..,+g2

XN

!

Oy =41 TX2F .. T AN = > The x; value can be single sample or multiple

sample. If the measurement period in both cases
\/—i Os V2 vV Nx P P

Os = Oz = are the same so the total number of particles are
N N N equal then the mean value and the standard
= deviation are equal. To improve the statistical
T — E oy = \/_}_ precision by a factor 2, the number of sample (N)
_ N N must be increased by a factor 4
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Error propagation
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Function Variance Standard Deviation

f =ad O’i = GQO;: of = |a|,_f;,r‘_l
f=aA+bB 0} =d’0} + b0k +2aboagp oy = \Ja20? + 0% + 2abo s
f=aA —-bB U? = a’0’ + b’oy — 2aboap o= \/(I?Ji-l-b?o% —2abo s
f=AB o}~ B’0y + A’0}, + 2ABoag o~ \/ B20% 4+ A%% +2ABop

A o4\? op\* OAB o4\2 o\ 2 .
f=5 =t [(F) +(3) ‘2431“” ormIf(2) + ()" - 2%
f= aAb cr?, = (ab.ib_loA)? = (fb:‘i) O~ ab‘-lb_la,i‘ = ‘fb%

2
f=aln( a?, ~ (a%) = of X a%‘
2
2z Ga 121 ~ T4
f - a'loglﬂ( '1) Of =~ (a;l 111(10)) 7 a,‘llll(l[])‘
f=ae CT? ~ f* (boa)’™ of ~ |f (boa)
f=a" o7 ~ f*(bIn(a)o.)* ~ | f (bIn(a) 04)|
B\’ Bln(4) Bln(A

f — ‘_13 g’? ~ f2 l(jﬂ';) — (111(:1)0'3)2 — 2 ) A Jf ~ |f| ‘/ —0'.1 ‘1)0’3)2 + 2 l';( )O'AB
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Optimization of counting experiments

Measurement of a long-lived radioactive source in the present of a steady-state background

S = counting rate due to the source alone without background

B = counting rate due to background

— Ts,g=measurement time for both background and source
Tg= just background
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Optimization of counting experiments

How should we chose the fraction regarding Tq,gand Ty
to get a minimum standard deviation?

T=Tg,zgt+ Ty (constant)

20,dos = — SdeT5v+_B - ﬁdeB dos = 0 local min
Ts.p Ty dTg, z=-dTg
Tsyp| _ [S+B
Tg |op B
H h ? E=0 /§ l — €2 §°
ow to chose T~ =05 T (er\/E)z
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Energy Resolution

'?1% H, is the average pulse height
Gt If the same number of pulses are measured the
resolution are under the two graphs is equal

Poor
resolution

H, H
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Energy Resolution

dN
dH

YRF———————————

Resolution R =

FWHM

Hy
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For Normal distribution with the
standard deviation of ¢ the
FWHM=2.35*c

The energy resolution for a
semiconductor detector could be
less than 1%

Detector using scintillator show a
energy resolution of 3-10%
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Energy Resolution

* If we assume the formation (in the detector) of each charge carrier is a Poisson process.
Then a total number of N carrier generated in average, one would expect a standard

deviation of V/N.

- The average pulse amplitude H,=KN, s=K+vN K is a proportionality constant

_FWHM _ 235KVN _ 2.35

Poisson limit= R better than 1%, N must be greater than 55 000
olsson limi Ho KN \/ﬁ

* R

« Careful measurements on energy resolution on different radiation detectors have shown
that the resolution is better than predicted with a factor of 3 to 4.

* The Fano Factor have been introduced to quantify the departure of this observation.
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Energy Resolution

. R 23SV _ 2.35\/%

statistical limit ™ KN

« The sum of all losses in the detector must be equal to the initial particles energy, which is
not an independent process, resulting that F must be less than 1
* (FWHM) * o= (FWHM) * (i igieqt (FWHM) *

overall = electronic
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Detection Efficiency

Absolute and intrinsic efficiency

number of pulses recorded

° ¢ —
abs™ number of radiation quanta emitted by source

number of pulses recorded

Eint— . .
It pyumber of radiation quanta incident on detector

For an isotropic source ¢, ._ €;,,(47/€) where () is the solid angle of the detector.
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Detection Efficiency

dN

—

dH
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"Full—energy
peak'’

H
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The intrinsic peak efficiency,

number of pulses recorded in the peak

iP™ number of radiation quanta incident on detector
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Detection Efficiency
417

S=N « Sis the number of emitted radioactive quanta from the source

Ejppfz

1 _g af
1+p)"* 8(1+p)"

< po5 B35 B
- i T16(14+p) 64(1+p)"
a 35 315 p? 1155 pB°

-___51____~___~_—___- ; /iZ\ F2 = Bl -
k A g U \; S 128(1 47 256(14p)"7 1024(1 4 )"

) i QO =2x [1 = +o*[F1] — a3[F2]]
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Dead Time
Eiev?ad L r ]—r—r_—j Paralyzable
A A A AA A

Events in detector

o T =30

Dead
Live

Time ——>

| Nonparalyzable
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Two different models:
« Paralyzable
* Nonparalyzable
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Dead Time
* Nonparalyzable n—m=—nmr -
: : /
n = true interaction rate oy
m = recorded count rate m /
T = system dead time n——— e = e e e e e f——————— - — —
l —mt -
- Paralyzable ) 4 l
/ I Nonparal\'zab‘e
¥4
el _ _ £ |
m=ne """ “‘—“//—“—“J"“M
I |
i 1 |
n 1/t ",

Not possible to find n explicitly, must be solved
numerical
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Dead Time

For low rates (n << 1/7) the following approximations can be written:

n

— '1—4 1—’1
1+ nt A J

Nonparalyzable m

Paralyzable m=ne " =2 n(l —nT)

Guideline: When losses are greater than 30-40% a system with
smaller dead time should be used

&
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Dead Time

« Measurement of dead time, the two source method.

* Observing the count rate from two sources individual and in combination.

* The counting losses are nonlinear
« Source 1 and source 2, assume a nonparalyzable system

ny —np = (n —np) + (2 — np)
nyp +np =n;+ N2

ni» mp ny

l—mpr 1=—mpy7r 1—m7

X = mymy — mpmy2
Y = myma(myp + myp) — mpmp(my + ma)

Z
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Y(my 4+ my —mp —my)

-~

X..'

ns

| — moT

Ny, N,, Ny,, N, true counting rate, n, is
the background

m,, m,, m;,, m, measured counting
rate, m is the background

X(l = \/T—z)
%

T —
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