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Abstract

We derive expressions for the time resolution of silicon detectors, using the Landau theory as a
minimum model for describing the charge deposit of high energy particles. First we use the center of
gravity time of the induced signal and derive analytic expressions for the three components contributing
to the time resolution, namely charge deposit fluctuations, noise and fluctuations of the signal shape
due to weighting field variations. Then we derive expressions for the time resolution using leading edge
discrimination of the signal for various shaping times. Some aspects of time resolution for silicon detectors
with gain are discussed as well.
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1. Introduction

Silicon pixel sensors providing precise timing are currently being developed in view of future ”4D”
tracking applications. The NA62 Gigatracker, using sensors of 200 ym thickness and 300 pmx300 pm
pixel size has achived time resolutions of < 150 ps at rates of up to 1.5 MHz/cm? [1][2][3][4]. A time res-
olution of 100 ps has been reported with a sensor of 100 um thickness and 800 pmx800 pm pixel size [5].
With the introduction of internal amplification inside silicon detectors of 50 um thickness, the so called
Low Gain Avalanche Diode (LGAD) [6][7][8][9][10], time resolutions of 25 ps have been achieved [11]. The
Weightfield2 program [12] allows the detailed simulation of the induced signals in silicon sensors with
strip geometry. A long term goal of these developments are pixel sensors of 10 pm position resolution and
10 ps time resolution [13][14]. Developments of silicon sensors for increased timing performance based on
3D sensors are also described in literature [15]. Studies of front-end electronics for silicon detectors with
emphasis on timing aspects can be found in [16] and [17]. Charged particle imaging is widely employed
in many areas of science beyond high energy physics, for example as part of material analysis techniques.
Therefore there is a broad interest in the developments of spatially resolved and time accurate particle
detectors [18][19].

In this report we derive analytic expressions for the time resolution of silicon sensors using the Landau
theory as a minimum model describing the charge deposit of high energy particles. We first investigate
the time resolution for the case where we take the ’center of gravity time’ of the signal as a measure of
time. It refers to the case where the amplifier peaking time is larger than the drift time of the electrons
and holes in the silicon sensor and allows us to discuss the achievable time resolution using moderate
electronics bandwidth together with optimum filter methods to extract the time information from the
known signal shape. We then derive formulas quantifying the effect of signal fluctuations due to the
finite pixel size and related variations of the weighting field. Finally we derive expressions for the time
resolution using leading edge discrimination of the signals with different amplifier integration times.
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Figure 1: a) The silicon sensor is divided into slices of thickness Az. The electrons and holes produced in one slice are
assumed to move to the boundary of the sensor at constant velocity, which is correct in the limit of negligible depletion
voltage. b) Probability to find n electrons per primary interaction. The straight line refers to the 1/n? distribution that is
the basis for the Landau distribution, the other curve corresponds to a PAI model [21].

2. Energy deposit

A high energy particle passing a silicon sensor will experience a number of primary interactions with
the material, with A\ being the average distance between these primary interactions. For relativistic
particles we have A = 0.25 um in silicon [20]. The electrons created in these primary interactions will
typically lose their energy over very small distances and create a localised cluster of electron-hole pairs. We
call the probability p.(n) for creating n e-h pairs in a primary interaction the ’cluster-size distribution’.
Throughout this report we treat n as a continuous variable. We now divide the silicon sensor of thickness
d into N slices if thickness Az = d/N as shown in Fig. la. In case Az < \, the probability of having zero
interactions in Az is 1 — Az/A, the probability to have one interaction in Az is Az/A and the probability
to have more than one interaction is negligible, so the probability density for finding n electrons in Az is

p(n, Az)dn = <1 - %) S(n)dn +

Az
A

The probability p(n,d) to have n electrons in the entire thickness d is then given by the N times self
convolution of this expression. Since convolution becomes multiplication if we perform the Laplace
transform, N times self convoluting the above expression results in raising it’s Laplace transform to the
power N. So using the Laplace transform Py, (s) = L[peiu(n)] we have

Pelu (n) dn (1)

d N
Plowd) = Llpn. )] = £, 8] = (14 555 (Paul) - 1)) @)
By taking the limit of N — oo we have
p(n,d) = L7 [N Pant)=0)] (3)

The cluster size distribution p.;,(n) is typically calculated using some form of the the PAT model [21]
and an example is shown in Fig. 1b [20]. For this report we use Landau’s approach to assume an 1/E?



distribution for the energy transfer in accordance with Rutherford scattering on free electrons and a
lower cutoff energy e chosen such that the average energy loss reproduces the Bethe-Bloch theory. The
resulting cluster size distribution for a MIP in silicon therefore becomes a 1/n? distribution with a cutoff
at n = 2.5 electrons, according to

2.50
Peiu(n) = T O(n — 2.50) (4)

with ©(z) being the Heaviside step function. Performing the Laplace transform of this expression and
evaluating Eq. 3 results in

A A d 1 [*
p(n,d)dn = 2504 L (250d n+ C, —1—log )\) dn L(z) = ;/0 e~tlost=et gin(nt)dt  (5)

where L(z) is called the Landau distribution and C., = 0.5772... is the Euler-Mascheroni constant. The
most probable number of e-h pairs ny;p and the full width of half maximum npw g of p(n,d) are

MP AT T T08Y nap 0.2+ logd/\

(6)

The most probable number of e-h pairs for a MIP in 50,100, 200,300 um of silicon evaluate to =
2750, 6190, 13770, 21870, which is within 10% of the values given in [22]. The relative width Angw gar/nap
is 0.73, 0.65, 0.58, 0.55 for these values of thickness, which is 20-50% higher than the numbers from the
PAI model and the actual values. It is well known that the Landau distribution overestimates the charge
deposit fluctuations, so using this model we should have a slightly pessimistic estimate of the time reso-
lution.

3. Center of gravity time of a signal

First we assume the measured time to be defined by the center of gravity (c.0.g.) time of the induced
detector current signal (). Assuming the Laplace Transform of the signal I(s) = L[i(¢)], the c.o.g. time
Teur Of the signal is given by

o Jooti(de [T tidt  I'(0) 0
T fTiwdt 9 I(0)

where q = fooo i(t)dt is the total signal charge. We now consider the signal i(¢) to be processed by an
amplifier having a delta response f(t) with Laplace Transform F'(s), so the amplifier output signal v(t)
is given by

t
v(t) = / Ft—=t)it)ar V(s) = F(s)I(s) (8)
0
The c.o.g. time of the output signal is then given by

e tim V'(s) _ F'(0)I(0)+ F(O)I'(0) _ F'(0) I'(0) _ Tamp & Tour 9)

V(s F(0)1(0) F(0) ~ 1(0)

The represents the sum of the c.o.g. time of the delta response and the one from the current signal, and
since the shape of the delta response does not vary in time, the c.o.g. time variation of the of the amplifier
output signal is equal to the c.o.g. time variation of the original input signal and has no dependence on
the amplifier characteristics.

To determine 7 by recording the signal shape and performing the integral of Eq. 7 is not very practical,
it is easier to simply process the signal with an amplifier that is 'slow’ compared to the signal duration,



as shown in the following. In case the duration T of the signal i(¢) is short compared to the 'peaking
time’ ¢, of the amplifier (i(t) = 0 for t > T' < t,,) we can approximate Eq. 8 for ¢ > T according to

v(t)

/ £t~ tyi(t)dt’ ~ / () — £ i(t)at

] [f(t) (ol t'q d’“] G LFO) = £ (O]
~ q f(t - Tcur) (10)

The amplifier output is simply equal to the amplifier delta response shifted by the c.o.g. time of the
current signal and scaled by the total charge of the signal. Since the shape of the amplifier output signal
is always equal to the amplifier delta response, we can determine the signal c.o.g. time either by the
threshold crossing time at a given fraction of the signal or by sampling the signal and fitting the known
signal shape to the samples.

For later use we remark that for the sum of two current signals i(t) = 41 (¢) + i2(¢) with c.o.g. times 7

and 75 we have
Jti(t)dt 7 [i(t)dt + 7o flz _ Tiq1 T T2q2

= T = —_— 11
[i(t)at Jir(t)dt + [ia(t) @+ g2 )
The c.0.g. time for the sum of N signals i, (t) is therefore given by
1 N
T=—x5— > Tk (12)
PN/t

4. Variance of the center of gravity time of a silicon detector signal

We assume a silicon sensor operated at large over-depletion i.e. at a voltage that is large compared to
the depletion voltage and the electric field can therefore be assumed to be constant throughout the sensor.
Consequently the velocities of electrons and holes are constant and the signal from a single electron or
single hole has a rectangular shape. We assume a parallel plate geometry with one plate a z = 0 and one
at z = d, where a pair of charges +¢, —q is produced at position z and —¢ moves with velocity v, to the
electrode at z = 0 while ¢ moves with velocity vo to the electrode at z = d. The weighting field of the
electrode at z =0 is E,, = 1/d and the induced current is therefore

qu2

i(t) = = LLO(z/v 1) = L2O((d - 2) /2 1) (13)

with ©(t) being the Heaviside step function. We have [i(t)dt = —q and according to Eq. 7 the c.o.g.
time of this signal is then
1 [22 (d—2)?
=—|—+— 14
T 2d |:U1 + V2 ( )

If nq,n9,...,nny charges are produced at positions z1, 22, ..., zy and are moving to the electrodes with v
and vo, the resulting c.o.g. time of the signal is

2

N e
T(n1,na,...,nN) = (Zk o) kz [ 2}2] (15)

We now divide the sensor of thickness d into N slices of Az = d/N as shown in Figure 1. The probability
to have ny e/h pairs in slice k is given by the Landau distribution p(nk, Az) and if we assume that all



these charges are moving from position z; to the electrodes, we have z; = k Az and we can proceed to
calculate the variance A2 of the c.o.g. time of the signal, i.e. the time resolution, according to

AZ =727 (16)

with 7 and 72 being the average and the second moment of 7. The average 7 is given by

7:/ / / T(n1,n2, ..., nn)p(n1, Az)p(ne, Az)..p(ny, Az) dny dng...dny (17)
0 0
Since
/ / / Ziigii:::iZZp(nhAz) (o, A2)...p(nn, A2) dny dngodny =1 (18)
we have
A AZ).p(nn, A2)dny dng..dny = ~  k=1,2,..,N
/0 A /0 n1+n2+_._+an(n1 2)p(nz, Az)...p(ny, Az) dny dny...dny =
(19)
and therefore
N dr,2 2
_ 1 1 [z (d— z)? 1 z (d—=z) d (1 1
S N IR 2/ PO (T 2 [ PP 20
T 2d;N |:U1 + (%) 2d2 0 U1 + (%) * 6 (% +U2 ( )

which is the expected center of gravity of the two triangular signals form the electrons and the holes.
The second moment of the c.o.g. time 72 is given by

ﬁ:/ / / 72(n1, nay ooy N )p(n1, A2)p(na, Az)..p(nn, A2) dny dny...dny (21)
0

(1, 1y ey ) = —ii -~ [ d—zk)z} {Zfﬂd—zrq (22)
==

A (T o) ) R

We define
0o poo oo Nk Ny

ay = / / / (Tt +nN)2p(n1,Az) p(n2, Az)..p(ny, Az)dny dns...dny k#r
0 o
o] o] n2

by = / / / T Jrk +nN)Qp(nl,A;z)]7(7127Az)...p(nN,Az) dny dns...dny (23)
0

and since we have

B *® (ny4+n9+...+ny)?
/ / / En1+nz+ Jrng;p(m,Az) (ng, Az)..p(ny, Az)dny dns..dny =1 (24)

it holds that 1-Nb 1 b
Nby +N(N —1)ay =1 = TN SN 2
N+ ( )GN — an N(N— 1) N2 N ( 5)



The second moment of 7 therefore becomes
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B be d3(3v3 + vivg + v3) ay d*(vy + v9)? (29)
Az 60vFv3 (Az)2 36viv3
_ by d3(4v? — Tvgvg + 403)  d?(vy + v9)? (30)
Az 180viv3 36viv3
and we have for the variance
A2 =TT 7 byd d?(4v? — Tvyvg + 403) 31)

Az 180v2v32

The expression for A, is symmetric with respect to v; and vy, which reflects the fact that the induced
signal on the electrode at z = 0 is always equal (and opposite in sign) to the signal at the electrode at
z = d. To evaluate by

e} o5} o0 2
nlp(nlaAz)
= Az)... A 2
bn /0 /0 {/0 (n1+n2+...+nN)2dn1] p(ng, Az)..p(ny, Az) dns...dny (32)

we change variables according to n = ny +ng + ... + ny, i.e. ng =n—ng —nyg —... —ny and dng = dn
and see that the expression outside the brackets becomes equal to the the N — 1 times self convoluted
probability p(n, Az) which is simply p(n,d — Az) = p(n,d). Using Eq. 1 for small values of Az the
expression therefore becomes

[ [ nip(ni, Az) ] > {Az > nd peru(na)
by = PR, 22) ,d)dn = / 7/ 11 PetulT1) 4 d)d 33
N /0 {/0 (n1+mn)? | (. d)dn 0 AJo (ni+n)? ™ | p(n, d)dn (33)

Up to this point the expression for by is still completely general for any kind of cluster size distributions
Peiw(n) and resulting p(n,d). Using the Landau theory we use pg,,(n) from Eq. 4 and have

* 12 pery > 2. 2. 2.
o (n14+n) 950 (M1 +mn) n + 2.50 n
(for n > 1) and with Eq. 5 we get
Az [ p(n,d) Az [ L(z+~vy—1-1logd/)\) Az 1
by =~ 2.50— ——dn = — dz =~ — 35
N X o T T a ), P N O i iedy Y

The last expression is an approximation of better than 1% in the interval 4 < logd/A < 10, which
corresponds to a range of the silicon sensor thickness of 15 < d < 5000 pm for a value of A = 0.25 ym.



For the standard deviation we therefore finally have

A~ d 4 T4 36)
T /T 1.155 logd/x \ 18007 180vivp 18003

This is the time resolution of a silicon sensor when measuring the c.0.g. time. Neglecting the weak
dependence on logd/\, at constant electric field i.e. at constant drift velocity v; and vy, the time
resolution scales with d, which represents the trivial fact that the duration of the signal and therefore
also A, scales with d. For a given voltage V, the electric fields in the thinner sensors, and therefore the
velocities of electrons and holes are of course larger, so the time resolution improves significantly beyond
the 1/d scaling for thin sensors.

If we associate v; and ve with the electron and hole velocity, T} = d/v; and Ty = d/vy are the total drift
times of electrons and holes, and Ty5 = d/ \/v1vs is the total drift time assuming the geometric mean of
the electron and hole velocity. The expression 1/ \/ 1+ 1.155 log d/\ varies only from 0.37 to 0.33 for d
from 50 pm to 300 pm for A = 0.25 pm, which means that the effect of the Landau fluctuations does not
vary significantly in this range of sensor thickness. So by approximating it with the value of 0.35 we have

1
A, ~ 27)\/T12—1.75:F12+T22 50 pm < d < 300 pm (37)
To get realistic estimates we use an approximation for the velocity of the electrons and holes from [26]
_ pe E _ pn B
ve(E) = 175 E)= 178 (38)

Be Bn
1+ (22)"] 1 (42)"]

where we chose o = 1417 cm?/Vs, pj, = 471em?/Vs, . = 1.109, 35 = 1.213 and v¢,, = 1.07 x 107 cm/s
and v", = 0.837 x 10" cm/s at 300K in accordance with the default models in Sentaurus Device [23].
The resulting drift velocity together with the time that the electrons and holes need to traverse the sensor
(assuming Vg, = 0) are given in Fig. 2. For a 50 um sensor at 200V the electrons take 0.6 ns and the
holes take 0.8 ns to traverse the sensor, so the total signal duration is < 0.8 ns.

The values for the time resolution according to Eq. 36 are given in Fig. 3. For an applied voltage of 200 V
the values are 370, 180, 59, 23 ps for 300, 200, 100, 50 pm sensors. It should be noted that the Landau
theory overestimates the charge deposit fluctuations by 20-30% and the resulting c.o.g. time distribution
has significant tails, so this standard deviation should be a conservative estimate of the time resolution.
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Figure 2: Velocity of electrons and holes as a function of electric field (top) and time for electrons an holes to transit the
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Figure 3: Standard deviation of the c.o.g. time from Eq. 36 for different values of silicon sensor thickness as a function of
applied voltage V', assuming A = 0.25 pm, the Landau theory and negligible depletion voltage.
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Figure 4: a) Amplifer response for n = 2,3, 4 from Eq. 39. b) Contribution to the time resolution from the noise.

5. Noise contribution to the c.o.g. time

As shown in Eq. 10 the c.o.g. time of a signal can be measured by using an amplifier with a peaking
time ¢, that is larger than the total signal time 7. For a 50 um sensor at 250V this signal time is
T ~ 0.8ns, so an amplifier with peaking time ¢, > 1.5ns can realise such a measurement. The problem
to solve is therefore to measure the time of a pulse with know shape (the delta response) that has noise of
a known frequency spectrum superimposed. This can be accomplished by various techniques of constant
fraction discrimination or continuous sampling with optimum filtering methods, both of which will be
discussed in this section. For the remainder of the report we assume an unipolar amplifier with a delta
response of B

fo)= () e (39)

P

where t,, is the peaking time and ©(t) is the Heaviside step function. The delta response for n = 2,3, 4 is
shown in Fig. 4a. Such an amplifier can be realized by n integration integration stages with 7 = RC =
tp/n and for large values of n it approaches Gaussian shape (semi-gaussian shaping). In general we can
use it to parametrize a measured delta response shape by adjusting n and ¢, to fit a specific amplifier
delta response. The normalized transfer function and related 3 dB bandwidth frequency fy,, of the above
delta response are given by

W (i2r )] = . fow = — /21D 1 (40)

i+ @r R/ 2y

For constant fraction discrimination we set the threshold to a value where f(¢) has the maximum slope
of f'(ts) at time t, which evaluates to

to=t,(1—1/vn)  f(t;) = tle\/ﬁn(S/z—n)(n _ Jay 1)

P

Assuming a pulse-height A and a noise of g,,ise, the timing error when applying the threshold at the
maximum slope is then

o — Onoise 1 _ Onoise tp _ Onoise 1 21/(n+1) —1 (42)
A ) A e IEE A 2 eV (2 ()t




as illustrated in Fig. 4b. This evaluates to

- U% t, x (0.59,0.57,0.54,0.51)  for n=2,34,5 (43)
noise 1

- 2 % (0.10,0.12,0.13,0.14)  for  n=2,3,4,5
A fbw

So for an amplifier with a peaking time of t,=1ns and n = 2, the time resolution is 60 ps for a signal to
noise ratio of 10 and 20 ps for a signal to noise ratio of 30.

The pulse-height of the sensor signal is given by the total number n of deposited e-h pairs, so if we write
the noise 0peise in units of electrons the signal to noise ratio is oypise/n. Since n is varying according
to the Landau distribution p(n,d) from Eq. 5, using Eq. 35 we can calculate the average signal to noise
ratio and the average time resolution to

— Onoise > p(nad) Onoise 04)\ 1
= dn =~ 44
ot () /0 n T ) Td 1+ Li155logd/A (44)
0.4 ! t, x (0.59,0.57,0.54,0.51)  f 2,3,4,5  (45)
= noise -9, V.00, U.o%, U T = 4,9, %
7 d 1+1.155logd/x * o

0.4\ 1 1

oise % (0.10,0.12,0.13,0.14)  f —2,3,45 (46
Onoise =~ T 1155 og d/) fou © ) for o (46)

For an average cluster distance of A = 0.25 ym an amplifier with n = 2, this expression becomes

0t = Onoiselelectrons] x 1.6 x 107* tp d = 50um (47)
= Opnoiselelectrons] x 3.3 x 107° tp d = 200um (48)

Assuming a 50 um sensor and a peaking time of 2ns and an Equivalent Noise Charge (ENC) of 50
electrons, the noise contribution to the time resolution is 16.6 ps. Assuming a 200 pm sensor and ¢, = 10ns
and and ENC of 200 electrons, the contribution to the time resolution is 66 ps. The series noise of an
amplifier for a given white series noise spectral density e2 and detector capacitance C' is given by

1 n? n” (2n —2)! 2n
2 1 2 o2 02
02 pise = e 2C / /@t = e P (52) (49)

For constant e2 the noise decreases with 1/,/%, while the time resolution is proportional to ¢,, so one
favours short peaking times for minimizing the impact of noise, as long as other noise sources do not
become dominant.

Since we know the shape of the delta response, continuous sampling of the signal and fitting of the
known shape to the sample points provides an effective way to determine the time as shown in Fig. 5a)
and investigated in the following. We have to fit the function A f(¢t — 7) to the measured signal with the
amplitude A and time 7 as free parameters. Linearizing this expression for small values of 7 we have

Aft—T1)m Af({t) = Af ()T =0aq f(t) — as f'(t) ap=A ag = At (50)

Finding the best estimate of oy, as for a signal signal Sy, So, ..., Sy sampled at times t1, s, ...,tx leads
to the familiar problem of linear regression. We proceed as outlined in [24] where the problem is stated
as a x2 minimization according to

N N
X =30 18— e f(0) + anf (0] Vigly - anf (1) + 02 (1) (5)
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Figure 5: a) Sampling the signal at constant frequency. b) Autocorrelation function of f/(t) for n = 2,3,4. For times
smaller than 0.5¢, the samples become highly correlated.

The matrix V;; is the inverse of the autocorrelation matrix R;; = R(t; —t;) with R(t) being the autocor-
relation function of the noise. The autocorrelation function of this series noise is

2n|t>n QtPKn_l/g(’/ﬂt‘/tp) — tKn+1/2(Tl|t|/tp)

lp (2n — 2)! \/2nlt| t,m

with K, (x) being the modified Bessel function of the second kind. For n = 2,3 evaluates to

2
t t
1+2||—4<||)] n=2 (53)
tp tp

3
1+3't'_9('t') n=3 (54)
tp tp

The autocorrelation function is shown in Fig. 5b), and we see that for time intervals smaller than ¢,/2
the samples become highly correlated. In the following we us ns samples within the peaking time ¢,, so
we have sampling time bins of At = t,/n,. We sample the signal in the range of 0 < ¢t < 5¢,, giving
t; =i At with 0 < i < 5n,. Defining

Ql(ns>=2f(ti>Ui;1f(tj> Q2(ns>=2f’<ti>Ui;1f’<tj) Qs(ns)zzjf’(tiwi;lf(tj) (55)

RO = e [ 10+ 0) )= et (52)

R(t) =07} U(t) U?Loise 672|t\/tp

2 -3ltl/ty

=  Opoise

where Ui;1 is the inverse of the matrix U,;; = U(t; —t;), the covariance matrix elements €;; for aq, ap are
then

01Q2 — Q2 2 Qi@-Q T Qi@ Q2

So for the time resolution we finally have

2 2 2
000 Q g g (;2 o . ( )
€11 0_124 noise ¥2 €99 A2 noise ¢1 noise ¥3 (56)

t, A

Or Onoise Ql(ns) o Onoise cln
\/Ql(”s)Q2(”s)—Q3(ns)2 =5 ) (57)

Using as before the average signal to noise ratio for a sensor of thickness d we find

1
t
d 1+ L155logd/x *¢

(ns) (58)

_ 0.
0t = Onoise|electrons]
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Figure 6: The function ¢(ns) for an amplifier with n = 2 (top) and n = 3 (bottom). The horizontal line is the result for
constant fraction discrimination at the maximum slope from Eq. 45.

This expression represents the optimum time resolution that can be achieved for a given sampling fre-
quency. Fig. 6 shows the function ¢(n;) assuming an amplifier with n = 2,3. The horizontal lines
correspond to the numbers of 0.59 and 0.57 from Eq. 45 when using constant fraction discrimination at
the maximum slope. The families of curves represent a scan of the sampling phase with respect to the
peak of the signal and the solid curve represents the average. The samples on the largest slope carry the
highest weight on time information, while samples around the signal peak carry very little time informa-
tion.

We see that sampling at an interval corresponding to half the peaking time (ns = 2) gives approximately
the same result as the constant fraction discrimination at maximum slope. By increasing the sampling
rate further the value cannot be improved much beyond a factor 2-3. This result is quite evident, since
the noise is highly correlated on a timescale of < t,/2 as seen from Fig. 5b, so further increase of the
sampling rate does not provide more information.
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a) z=0 z=d z=0 z=d b)

Figure 7: a) A pixel of dimension wz,wy centred at = y = z = 0 in a parallel plate geometry of plate distance d. b)
Uniform charge deposit of a particle passing the silicon sensor. v1 is the velocity of charges moving towards the pixel and
vg is the velocity of charges moving away from the pixel.

6. Weighting field effect on the c.o.g. time for uniform charge deposit

Up to now we have assumed the sensor readout electrode to be represented by an infinite parallel plate

capacitor, which in practice corresponds to readout pads or pixels that are much larger than then sensor
thickness d. In many practical applications, the granularity is however similar to the sensor thickness.
The shape of the induced signal therefore becomes dependent on the z,y position of the track and the
c.o.g. time will be affected. In this section we investigate this effect by using the weighting field of a
rectangular pixel as presented in [25], shown in Fig. 7a and detailed in the Appendix.
We assume again the sensor to be represented by a parallel plate geometry between z = 0 and z = d
and assume charges to move along the z-axis. We assume normal incidence of the particle and negligible
diffusion. The plate at z = 0 is segmented into pixels such that we find a weighting field of E,,(z,y, z) =
—déw(z,y,z)/dz along the z-axis. We first assume a single charge pair to be produced at position z with
—q moving towards the the pixel at z = 0 according to z;(t) = z — v1t and +¢ moving towards the plate
at z = d according z5(t) = z + vat, so the induced current becomes

it)

q

Eul,y, z1(8)]21() ©(z/v1 — ) + Eulz,y, 22(1)]22(8) O((d — 2) /v2 — 1) (59)
= —uvEyx,y,z —01t]O(z/v1 — t) — v2Ey[2,y, 2 + 028]0((d — 2) /ve — t) (60)

The c.0.g. time of this signal is

ti(t)dt d d
T(Iay’z) = % = 'U_l l:[Jl('mvyaz) + U_Z \Ij2(xay’ Z) (61)
Uy (2,y,2) 2 é/%wy’ Uy (z,y,2) d/(wa% (62)
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Figure 8: The functions a1 (z,y) and az2(z,y) from Eq. 64 that determine the c.o.g. time for a signal from two line charges
—Qlines Qline at position z,y,. The top graph corresponds to a1 and the bottom one to az. The three plots correspond to
pads of size w/d = 0.1, w/d =1, w/d = 10.

In case there is not a single pair of charges ¢, —g but a pair of uniform line charges between z = 0 and
z = d, as shown in Fig. 7b), we have

I(z,y,t)

d d
= fvl/ Eylz,y,z — v1t]O(z/v1 *t)dZ*’UQ/ Eylz,y, z + v2t]0((d — 2) /va — t)dz
Qline 0 0

—v1 [1 = ¢(z,y,d — v1t)] O(d/v1 — t) — V2 o (2, y, vat) O(d/va — t) (63)

where qjine is the charge per unit of length. The c.o.g. time of this signal then reads as

d d
T(l’,y) = Flal(x7y) + FQGQ(xay) = Tl al(xuy) +T2 a2($7y) (64)
1 e 11 [
@) = ¢ [ Wwt=5 -5 [@-ou (65)
1 e e
wey) = 3 [ W= [ o (66)

The two functions a;(x,y) and as(z,y) are shown in Fig. 8. We can see that for large pads the values
for both functions approach the constant value of 1/6 in accordance with Eq. 20 with some deviations
at the border. For small pads the average of a; and as is quite different, but the functions are also quite
uniform. For the pad size of w/d = 1 the two functions vary significantly across the pad, which we will
quantify next. In case the pixel is uniformly irradiated, the probability to hit an area dx dy is given by
dz dy/(wzwy) and the average c.o.g. time, the second moment and the standard deviation A, are given

by
1 Wy /2 Wy /2 - 1 Wy /2 Wy /2
re o [ ety T [ gy o0
Wy Wy —wg /2 J—wy /2 Wa Wy —wg /2 J —wy /2
A2 =72 — 72 = ¢? <0121 + 12 + 0222> =T + 12T + c22T5 (68)
V7 V1V %)

where we have defined

1 1 2
c11 = 7// addxdy — ( //aldxdy> (69)
Wy Wy Wy Wy
2 2
Cla = 7// aiasdxdy — ﬁ//aldxdy // asdxdy (70)
Wy, Wy (wy wy)
1 ) 1 ?
Cyg = —— azdrdy — | —— asdxdy (71)
Wy Wy Wy Wy
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and
T1 = d/’Ul T2 = d/UQ T12 == d/\/’Ul’Ug (72)

Before moving to the numerical evaluation we investigate the limiting cases for very large and very small
pads. For large pixels we have ¢, = 1 — z/d and the expressions become

1 1
ay(z,y) = g as(x,y) = g for w/d>1 (73)
which results in 7 = d/6(1/v1 + 1/v2) in accordance with Eq. 20 for an infinite plane. Since there is no
dependence on z, y,, the coefficients c11, ¢12, c22 vanish, which is the expected result for an infinitely large
pad.

For very small pads the weighting potential falls to zero very quickly as a function of z, from it’s value
of unity on the pad surface at z = 0. The integrals of the weighting potential over z will therefore vanish
and we have

1
ar(z,y) = 3 as(z,y) =0 for w/d <1 (74)

For this case only the charges moving towards the pad with v; contribute to the c.o.g. time and the av-
erage c.0.g. time becomes T = d/2v;. Since the weighting potential and weighting field are concentrated
around the pixel surface the charges that never enter this area, i.e. the charges moving with vs towards
z = d will not contribute to the signal. The coefficients ci1, c12, oo will again vanish because a; and as
have no dependence on z,y. Because the two limiting cases are zero, this means that there will be a pad
size where the effect of the weighting field fluctuation is maximal, which we see in the following.

The numerical evaluation of Egs. 69, 70, 71 for square pixels of width w for different rations of w/d
are given in Table 1 of the Appendix and the graphical representation of the coefficients is shown in in
Fig. 9. The weighting potential of a pixel as given in Eq. 114 of the Appendix is used. The weighting field
effect on the time resolution is worst for pad sizes corresponding to about 2-3 times the sensor thickness
d, where the c11 and ¢ coefficients assume a value around 2 x 1073, The coefficient ¢;; is related to v,
i.e. to the charges moving to the readout pad, cos is related to the charges moving in opposite direction.
Since ¢11 > c99 by a significant factor, the time resolution will be better if v1 > vy i.e. if the electrons
are moving towards the pixels. The contribution to the time resolution from Eq. 68 is shown in the
Fig. 10. In case the holes move towards the pixel we find a maximum for values of w/d ~ 2, where the
contribution becomes similar to the value from Landau fluctuations. In case the electrons move towards
the pixel, the contribution is significantly smaller with maxima around w/d =~ 1.

The final resolution is however not given by the square sum of the Landau fluctuations from Eq. 36 and
the weighting field fluctuations from Eq. 68, since there is a very strong correlation between the two.
This will be discussed in the next section.
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Figure 9: The coefficients c11, c12, c22 for different values of w/d, where w is the width of the square pad and d is the silicon
sensor thickness.
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Figure 10: Standard deviation for the c.o.g. time for sensor thickness of a) d = 200 pm and b) d = 50 um and V = 200V,
assuming uniform charge deposit and a square readout pad. The horizontal line represents c.o.g. time resolution from Eq.
36 due to Landau fluctuations only. The two curves in the plots represent the effect of weighting field fluctuations where
either the electrons or the holes move towards the readout pad.

16



Ny Ny N3 Ny Ng Ny

z,=0 zy=d

Figure 11: Silicon sensor with a readout pad centered at z = y = z = 0. v is the velocity of charges moving towards the
pixel and vg is the velocity of charges moving away from the pixel.

7. C.o.g. time resolution for combined charge fluctuations and weighting field fluctuations

In this section we consider the Landau fluctuations together with the variation of the x,y position of
the particle trajectory and the related fluctuation of the weighting field. The center of gravity time for a
particle that passes the sensor at position x,y and deposits nj charges in the IV detector slices is given

by
1 N

N
Dh=1Mk 2y

where 7(z,y, 2) is from Eq. 61. Proceeding as before we have to calculate 7 and 72, where in addition
to the integrals over dnq,dng, ...,dny we have to perform the integral 1/(wg,w,) f f Tdxdy for uniform
illumination of a pad, and the final result for the variance is

2
d d
T2 %wlw // 2/0 T(m,y,z)2dz—<$/0 T(m,y,z)dz> dxdy (76)
2 Wy

+ wmlwy // (é /OdT(x,y,z)dz>2dmdy— [wzlwy // (é /OdT(x,y,z)dz> dacdy]2

The second line of the expression is equivalent to the one considering the weighting field effect without
charge fluctuations from the previous section, so the result can be expressed in the following terms

by d k11 k1o ) C11 C12 C22
A= =@ 5+ —=+ 2 )+ 5+ —+ = 7
! Az (v% - V1V2 + U% ) + U% + V1V2 + v% ( )
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with by d/Az = 1/(1 + 1.1551og d/)) for the Landau fluctuations. The coefficients c11, ¢12, caa are the
ones from the previous chapter and the coefficients ki1, k12, k22 are given by

ki1 = / (b11—a?)dxdy ki = 2 //(512—a1@2)d95dy koo = : //(b22—a§)dmdy
Wy Wy Wy Wy Wy Wy
(78)
with
1[4 1 [Tz 1 [? 2
bii(x,y) = f/ \Ifl(x,y,z)de:f/ [—/ qbw(a:,y,z’)dz’} dz (79)
d Jo dJo
1 /e
bia(z,y) = E/ Uy (z,y,2)Vs(x,y, 2)dz = = / [ / dw(T,y, 2 } [ / dw(T,y, 2 ] dz

boo(z,y) = d/ Us(z,y, 2 / [(li /zd¢w($7ya2/)d2’l] dz

First we verify that the limiting cases for very large pads and very small pads. For large pads we substitute
for the weighting potential the expression ¢, (x,y,z) =1 — z/d and find
b12 (Iv y) =

boo(x,y) = w/d>1 (80)

1 1
20 120 20
which gives k11 = koo = 4/180, k12 = —7/180 and ¢11 = ¢12 = ca2 = 0, so we recuperate Eq. 31. For very
small pads the integrals of the weighting potential over z will again vanish as discussed before, and we
have

bu(z,y) =

1

bll(xa y) = g

which gives k11 = 1/12, k12 = koo = 0 and ¢11 = ¢12 = ¢22 = 0 and therefore have

b12($7y) =0 b22(xay) =0 IU/d <1 (81)

byd Ty
Az V12

For small pads the weighting potential decays very quickly fas a function of z, from its value of 1 on the
pad surface to zero. The weighting field, which defines the induced current, is therefore very large close
to the pad and zero for larger values of z. Only when the charges arrive at this position they will induce
a signal. In the limiting case this is equivalent to a delta current signal for each charge that arrives at
z =0, and we have

A, = (82)

N

byd Ty
i(t) =q ny 6(t — kAz/vy) T = ng kAz /vy A=
; Zk 1M ; Az V12

so we indeed recuperate the above expression for A, ! We’ll see the same formula later in Eq. 100 for
silicon sensors with gain.

The coeflicients ki1, k12, koo for square pads are listed in Table 2 of the Appendix and are shown in Fig.
12. The factor k11, related to the charges moving with v; towards the pixel, is again larger than koo, so
as stated before the resolution is better if the electrons move towards the pixel. This fact is illustrated
in Fig. 13 and Fig. 14 for a 200 ym and 50 ym sensor. It shows a significant difference for these two
scenarios. In case the electrons move to the pixel the weighting field effect seems not to add significantly
to the time resolution for values of w/d 2 1.

For pads with w/d > 20 one approaches the scenario of an infinitely extended electrode, as expected. For
smaller pixels the resolution is significantly worse than expected from the quadratic sum of the weighting
field effect for uniform charge deposit and the Landau fluctuation effects assuming an infinitely large
electrode.

(83)

18



0.10

— k11
...... A O O O I
;\ﬁ\\\ -—- 4/180
0.0: ™
[ ‘\\ \\ - 1/12
L N T —
F===T=77 —-F=F ------:_::_Emj — k12
0,00 —— il = St et |
— [
F ~—__ 7/180
_____ I AR Ry e — k22
-0.0:
— kl1+k12+k22
-== 1/180
0.1 0.5 1.0 50 10.0 50.0 wid

Figure 12: The coefficients ki1, k12, k22 for different values of w/d, where w is the width of the square pad and d is the
silicon thickness. The dotted lines represent the for very small pads and very large pads as discussed in the text.

—— Infinite pad === konly === conly =—— total -=- Infinite pad === konly =--- conly =—— total
600 600
-\\
500 500 TRy
N
\\\\
N \\
2 400 2 400 >
£ & N
g g ~
2 2 SO
2 300 £ 300 < S
T é SsLLT
o o ‘~__ ™
£ 0 ™S £ 20 YTTITH ~"'\-. ===
N o 71 Tl
100 100 ot eI TS
U A= T R A e i N A 1 P
0 L 0
0.1 05 10 50 100 500 0.1 05 10 50 100 500
a) wid b) wid

Figure 13: C.o.g. time resolution for values of d = 200 pum and V' = 200V as a function of the pixel size w. The ’c only’
curve refers to the effect from a uniform line charge. In a) the electrons move towards the pixel while in b) the holes move
towards the pixel.
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Figure 14: Time resolution for values of d = 50 um and V' = 200V as a function of the pixel size w. The ’c only’ curve refers
to the effect from a uniform line charge. In a) the electrons move towards the pixel while in b) the holes move towards the
pixel.
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8. Leading edge discrimination

Up to this point we have just discussed the center of gravity time of the detector signals. In this
section we consider the measured time to be determined by leading edge discrimination of the normalized
detector signal. We process the detector signal by an amplifier of a given peaking time, and perform the
so called ’slewing correction’ for eliminating the timewalk effect from pulseheight fluctuations by dividing
the amplifier output signal by the total signal charge and set the threshold to a given fraction of this
signal. The current signal due to a single charge pair —q, gat position x,y, z is

io(z,y,2,t) = —q[v1 Ey(2,y, 2 — 018)O(2/v1 — t) + v2 By (2, y, 2 + 02t)O((d — 2) /vg — 1)) (84)

The current signal for having n; e/h pairs at z = Az, ny e/h pairs at z = 2Az etc. is given by

N

i(”lv”??"'»”]\hxvyvt) :anio(xvya kszt) (85)
k=1

We now process this signal by an amplifier with delta response cf(t/t,) where ¢, is the peaking time,
f(1) =1, ¢ is the amplifier sensitivity in units of [V/C] and f(z) is defined by

f(x) =™ en(i=) (86)

The amplifier output signal becomes

S(n17n27 ---»nNaCLvat)

! t—t"\ . Ay
c f Z(n17n27"‘>nNam>y7t)dt (87)
0

tp
N
= cq) mpg(z,y kAzt) (88)
k=1
where g(z,y, z,t) is given by
a t— d
szt = OG-ut) [ 1 (t*“) B (@ /d,y/d,u,we /d,w, /d, 1)du (89)
z—;lt 1tp

a t— d
+ 9(v1t—z)/ f (vlvlzt—’_u> Ei(x/d,y/d,u, wy/d, wy/d,1)du
0 P

ztvgt

4 6[(d—z)—v2t]/z ! f(

ol 2 —ud Ud> EZ(z/d,y/d,u, wy/d, w,/d,1)du
’U2tp :
vot + 2z — ud

) B (x/d,y/d,u,wy /d,wy /d, 1)du
Ugtp

+ @[vgt—(d—z)]/;f<

The weighting field EZ (z,y, 2, ws, wy, d) for a pixel is given in Eq. 119 of the Appendix. To perform
slewing corrections we divide the signal by the total charge ¢ nj and we get the normalized amplifier

output signal
N

N
D k=1 Mk =y

The averaged normalized signal and the variance of the signal evaluate to

nt) = w;wy / / [ /0 gy sd, t)ds} dady (91)

20

h(nlﬂnQa"'anN7xay7t) = nk)g(xay7kAZ7t) (90)




and

AR (t) = AZ = // [/ (z,y, sd,t)*ds — (/Olg(x,y,sd,t)ds)zl dxdy
wc; / / ( /0 1g(x,y,sd,t)ds)2dxdy— [wzcwy / / ( /0 1 g(x,y,sd,t)ds) dxdyr (92)

The time resolution is then defined by (Fig. 15b)

_|_

Ot = —; (93)

Here we just discuss the example of an infinitely extended pixel i.e. we use EZ (z,y, z, ws, wy,d) = 1/d,
which evaluates g(z,y, z,t) to

n+1 d

e i,

—g(z,y,2,t) = v1O(z—uvt)[n! —T(n+1,t/t)]

(
- @(vlt —z)[T(n+1,t/ty) —T(n+1,—(z — v1t)/(tpv1)]
+ O((d — z) —vat) [n! = T'(n + 1,t/t,)]
O(vgt — (d—2)) [T(n+ 1,t/t,) —T(n+1,—(d — z — vat) / (tpv2)]

where n and t, are the parameters defining the amplifier. As an example the average signal h(t) for a
50 pm sensor at 200V for different peaking times is shown in Fig. 15a). The signal duration is around
0.8 ns, so for small peaking times of 0.25 and 0.5 ns there is significant ’ballistic deficit” while for peaking
times > 1ns the amplifier ’integrates’ the full signal and the normalized amplitude becomes unity. In
Fig. 15b) the average normalized signal for a peaking time of 0.25 ns is shown, together with +1 standard
deviations.

The resulting time resolution is the shown in Fig. 16a) and Fig. 17a) for a 50 um and a 200 yum sensor.
We find that for large peaking times, the time resolution indeed approaches the c.o.g. time value, while
for smaller peaking times the time resolution can be significantly better when setting the threshold at less
than 30-40% of the normalized signal. E.g. for the 50 um sensor at 200V, a peaking time of 0.25ns and
a threshold set to 40% of the total signal charge one should even arrive at 12 ps time resolution. For a
200 pm sensor one expects a time resolution of < 100 ps for ¢, = 5ns and a threshold at 30% of the signal.

To study the impact of the noise we assume 0,45 to be given in units of electrons. This noise is
superimposed to the signal s(t) from E.q 87, so when normalizing the signal to arrive at h(t) we also have
to normalize the noise by the total amount of charge deposited in the sensor. The average normalized
noise the becomes

O—TLO’LSS A ].
Onorm = - 7d dn = noise 94
? /0 P d)dn = Onoise om0 T e (94)
The contribution of the noise to the time resolution is then
Enorm
g = 7 (95)

h ()

We can therefore express the required noise level when using a threshold of h(t), that matches the
resolution from Landau fluctuations from Eq. 93, as
2.50d
Onoiselelectrons] = Ay(t) 5)\0 (14 1.155logd/\) (96)

The numbers are shown in Fig. 16b) and Fig. 17b). For the 50 ym sensor and t, = 0.25ns the required
noise level is 100 electrons and for the 200 ym sensor at ¢, = 5ns the required noise is 400 electrons.
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Figure 15: a) Average normalized signal h(t) for amplifier peaking times t, = 0.25,0.5,1,2,6ns for a 50um sensor and
V=200V. b) The normalized average signal h(t) for t, = 0.25ns together with the curves h(t) + Ay (t) and h(t) — Ap ().
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Figure 16: a) Time resolution for a sensor of 50um thickness at 200 V bias voltage. The slewing correction is performed by
dividing the signal by the total charge and applying the threshold as a fraction of this charge. b) ENC needed to match
the noise effect on the time resolution to the effect from the Landau fluctuations.
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Figure 17: a) Time resolution for a sensor of 200um thickness at 200V bias voltage. The slewing correction is performed
by dividing the signal by the total charge and applying the threshold as a fraction of this charge. b) ENC needed to match
the noise effect on the time resolution to the effect from the Landau fluctuations.
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Figure 18: Silicon sensor with internal gain. An e-h par is produced at position z, the electron arrives at z = 0 at time
T = z/v1, the electron multiplies in a high field layer at z = 0 and the holes move back to z = d, inducing the dominant
part of the current signal.

9. Silicon sensors with internal gain

In the Low Gain Avalanche Diode (LGAD), a high field region is implemented in the sensor in order to
multiply electrons at some moderate gain and as a result improve the signal to noise ratio. We assume the
geometry from Fig. 1 with the amplification structure located at z = 0. The electrons will therefore move
from their point of creation to this structure, get multiplied and the holes created in the multiplication
process are moving back from z = 0 to z = d through the entire sensor thickness d. If we assume 1)
the gain G to be sufficiently large such that the signal from the primary electron and hole movement is
negligible, 2) the amplification structure to be infinitely thin, 3) a sensor with negligible depletion voltage,
the signal from a single e-h pair created at position z is of rectangular shape with duration T' = d/vs,
shifted by the time t = z/v;

) v
i(t) = —G% O —z/v1) — Ot — z/v1 — d/vs)] (97)
The c.o.g. time of this signal is
d z
T = % + U_l (98)

The signal for the case of nq,no,...,ny clusters at positions z1, 23, ..., zy is then

1 N d 2k d 1 N 2k
T(nl,ng,...,nN):m ;nk <E+11_1> :E—i_m ;nka (99)
The average and standard deviation of the c.o.g. time is then
?:§<1 1> A — byd d? _ 1 T
Az 1207 \/1+1.155logd/X V12

(100)

U1 V2

2
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Figure 19: Standard deviation of the c.o.g. time from Eq. 36 for 50um and 100 pm thickness for standard sensors (solid)
and from Eq. 100 for and LGAD sensor with internal gain of electrons assuming a signal only from gain holes (dashed).

with 77 = d/v; being the total electron drift time. This expression is the same as the one from Eq. 82
and Eq. 83, so this sensor is simply measuring the arrival time distribution of the electrons at z = 0. The
variance is significantly larger than the one for the sensor without gain, as shown in Fig. 19 for a sensor
thickness of 50 and 100 ym. E.g. for a 50 um sensor the c.0.g. time resolution without gain is 23 ps while
for a sensor with gain it is around 60 ps.

The effects defining the time resolution for a sensor with gain therefore differ significantly from one
without gain. The electrons first have to arrive at z = 0 before being amplified an producing the gain
signal, so the signal timing is defined by the arrival time distribution of the electron clusters at z = 0.
This is also illustrated by the fact that the second factor in Eq. 100 is simply the total transit time
T, = d/v; of the electrons through the full silicon thickness divided by v/12. For the LGAD the c.o.g.
time is therefore not a good way to exploit the timing and it is essential to use fast electronics in order
to catch the signal from the very first arriving electron clusters.

10. Weighting field effect on the c.o.g. time for silicon sensors with gain

For completion we discuss the effect of the finite pixel size on the c.o.g. time resolution for sensors
with gain. Assuming the readout electrode at z = 0 to be segmented into pixels with an associated
weighting potential ¢, (x,y, z), the induced signal due to a single charge pair created at position z at
t = 0 becomes

i(t) = =G qua Eylz,y,v2(t — 2/v1)] [O(t — 2/v1) — O(t — z/v1 — d/v3)] (101)
and the c.o.g. time for this signal is given by

d 1
T(2,y,2) = vil + i buw(x,y, sd)ds (102)

Assuming a uniform charge deposit along the track, the c.o.g. time becomes

I d d (!
raw) =g [ ez =g+ ot (103)
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Figure 20: a) Coefficient s22 defining the impact on of the weighting field on the time resolution. b) C.o.g. time resolution
for a gain sensor of 50 um thickness at 200 V. The horizontal line shows the contribution from Landau fluctuations only,
while the other lines show the contribution from weighting field fluctuations as well as the combined effect.

The variance for uniform irradiation of the pad is then

A2 = 727
d2 1 1 2 1 1 2
= — l // (/ (bw(x,y,sd)ds) dxdy — ( // (/ ¢w(m,y7sd)ds> dwdy) ]
Uy | WzWy 0 Wq Wy 0
d2
= 5o =15 s (104)
v3

which is the pendant to Eq. 68 for sensors without gain. The coefficient soo for different pixel sizes is
shown in Fig. 20 a). The effect on the time resolution for a 50 pm sensor is shown in Fig. 20 b). The
effect is again largest for pixel sizes of w/d &~ 3. In case we also take into account the Landau fluctuations
we have to use Eq. 102 in Eq. 76 and find

A2 _byd & byd T7

=t — LyT12 105
Az 121}% + v% St Az 12 + 12522 (105)

which is the pendant to Eq. 77 for sensors without gain. So we find the interesting result that in this
case there is no correlation between the Landau fluctuations and the weighting field fluctuations and the
two components just add in squares. We also note that the result will be the same whether we segment
the electrode at z = 0 where the multiplication takes place or whether we segment the electrode at z = d.

11. Leading edge discrimination for silicon sensors with gain

We finally discuss the time resolution when considering leading edge discrimination of sensors with
gain. We proceed as before and convolute the signal from a single e-h pair at position z

io(z,y, 2,t) = —GquaEy(x,y,v2(t — 2/v1)) [O(t — z/v1) — Ot — z/v1 — d/v3)] (106)

with the electronics delta response and find

Fa=-3) t— —
g(x,y,z,t) = Ot —z/v1)O(d/va+ z/v1 —t)/ ’ f( 2/ ud/v2> E (E Y, Y= w971> du
0

t, d’d’ dd
Lot =2z vy —ud/vy T Y Wy w
+ Ot —d/vs —z/v /f< )E S, —=, 2 1) du 107
(t—dfvs = z/v) | » (5.2 w20 2 1) (107)
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Figure 21: a) Time resolution for a gain sensor of 50pum thickness at 200V bias voltage when applying a threshold to the
signal normalized by the total charge. The values do not improve beyond the c.o.g. time resolution number. b) ENC needed
to match the noise effect of the time resolution to the effect from the Landau fluctuations.

which for an infinitely extended electrode with E,, = 1/d evaluates to

n::lrlt(ig(x,y,z,t) = 00(t — z/v1)O(d/vs + z/vy — 1) [n! -T (n—|— 1, Wﬂ (108)
00— dfvs — 2/wn) [r (n 1, ”<tt‘>> T (n T Z/m))]

Evaluating Eq. 91, Eq. 92 and Eq. 93 we then find the results shown in Fig. 21a). We find that even for
leading edge discrimination of the normalized signal the time resolution for a sensor with gain does not
improve beyond the c.o.g. time resolution value. The reason is that in the outlined formulas the signal
is normalized by the total charge deposited in the sensor. The signal that makes up the leading edge has
however no correlation with the total deposited charge but is only related to the number of electrons that
have already arrived at the gain layer. This is very different from the standard silicon sensor without
gain, where the movement of all deposited charges makes up the leading edge signal.

For the sensors with gain, the slewing correction must therefore be related to the slope of the leading
edge and not to the total charge of the signal. Double threshold or classical constant fraction discrimi-
nators are therefore necessary to fully exploit the time resolution of these sensors. This goes beyond the
mathematical formalisms developed in this report and Monte Carlo simulations of this scenario might be
more efficient.
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12. Conclusions
We have derived analytic expressions for the time resolution of silicon sensors.

e The standard deviation of the center of gravity (c.o.g.) time of a silicon detector signal is given by

1 4y T 4

= T — =T + T3 109
V1+1.155logd/AV 180" " 180 ' ~ 180" (109)

T

assuming a large readout electrode, the Landau distribution for charge deposit and negligible de-
pletion voltage. d is the sensor thickness and ) is the average distance between primary collisions,
which evaluates to ~0.25 um for relativistic particles. Ty = d/vy,T> = d/ve, T2 = d/\/v1v; are the
drift times of the electrons and holes. This evaluates to A, = 370, 180, 59, 23 ps for sensor thickness
values of 300, 200, 100, 50 pm and assuming 200V applied with negligible depletion voltage. We
note that the Landau distribution tends to overestimate the charge fluctuations and that the time
distribution is quite non-gaussian, so these numbers might be slightly pessimistic.

e Measuring the sensor signal with an amplifier of peaking time ¢, larger than the drift time of
electrons and holes, the amplifier output is equal to the delta response, scaled by the total signal
charge and shifted by the c.o.g. time. To determine the time of this pulse of known shape one can
then use standard techniques of constant fraction discrimination and optimum filtering to extract
the time information. The average contribution of the noise to the time resolution is then

0.4) 1 t
d 1+155logd/x *°

Tt = Opnoise|electrons] (ns) (110)

where t,, is the peaking time of the amplifier and ¢(n;) is a constant depending on the measurement
technique. Using constant fraction discrimination at the maximum slope of the signal we have
c(ns) = 0.55 — 0.6. Using continuous signal sampling and optimum filtering one arrives at similar
numbers when sampling at an interval of ¢,/2 and one can achieve ¢(n,) ~ 0.2 — 0.3 for very high
frequency sampling. For ¢, = 2ns, d = 50 yum and an Equivalent Noise Charge of 50 electrons we
have a contribution from the noise of o; ~ 17 ps, that has to be added in squares with the above
number of 23 ps from Landau fluctuations.

e Assuming a square readout pixel of dimension w, the variation the track position and therefore the
variation of the weighting field and related signal shape will have an impact on the time resolution
and the standard deviation of the c.o0.g. time becomes

ki1 T2 4 kioT2, + koo T2
AT\/ 1147 + K121 {5 + Kogls +(011T12+612T122+022T22) (111)

1+ 1.155log d/A

Neglecting charge fluctuations and assuming a uniform charge deposit, the coefficients ki1, k12, k2o
vanish. Assuming very large readout pixels, the coeflicients cy1,c12,coo vanish and ki1, k1o, koo
become 4/180,—7/180,4/180 in accordance with the above. For very small pixels, we have k11 =
1/12 and all other coefficients vanish, which is in accordance with an arrival time distribution of
charges at the pad. Landau fluctuations and weighting field fluctuations are strongly correlated,
so they cannot be decoupled or ’added in squares’. Since k11 > koo, the effect of weighting field
fluctuations is smallest if 77 is small i.e. if the electrons move towards the readout pixel. In this case
it seems possible that for values of w/d = 1 the weighting field effect does not add significantly to
the c.o.g. time resolution. We note that this calculation assumes perpendicular tracks and neglects
diffusion.
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e The expressions for leading edge discrimination of the normalized silicon sensor signal (i.e. the
signal divided by the total charge) show that the c.o.g. time resolution is indeed recovered for large
peaking times, and that for faster electronics the time resolution is significantly improved when
placing the threshold at < 40% of the total signal charge. As an example, for a 50 ym sensor at
200V, a peaking time of 1 ns and a threshold at 30 % of the normalized signal, the time resolution is
15 ps and the noise must be less than 70 electrons in order to not significantly add to this value. For
a given series noise resistance e,, of an amplifier, the equivalent noise charge decreases with 1/./%,,
the effect of the noise on time resolution does however increase linearly with ¢,. It is therefore
advantageous to use faster electronics if power consumption allows and other noise sources do not
start to become dominant.

e The effect of the finite pixel size on the leading edge discrimination of the normalized signal can be
calculated with the formulas given in this report, the numerical evaluation is however quite involved
and a Monte Carlo simulation might be more efficient.

e For silicon sensors with gain (LGAD), the standard deviation of the c.o.g. time becomes

B 1 T
T /T+ L1551logd/A V12

(112)

This formula assumes that only the gain holes contribute to the signal. This expression is the
same as the one for the very small pixels without gain and represents in essence an arrival time
distribution. This resolution is significantly worse than the time resolution for a sensor without gain
e.g. it evaluates to 60 ps for a 50 ym sensor at 200 V. The c.o.g. time is therefore not a good way to
extract the time information for sensors with gain. Leading edge discrimination of the normalized
signal is also not providing an improved time resolution, since the total charge of the sensor signal
has no correlation to the arrival time of the first electrons. Fast electronics with leading edge
discrimination as well as slewing corrections related to the slope of the leading edge, like double
threshold or constant fraction discrimination, are therefore key to extract the best possible time
information from this type of sensor.

e Including the effect of the finite pixel size on the c.0.g. time resolution of a silicon sensor with gain
we find

B 1 T? °
Ar = \/1 FTisslogd/n 12 T (113)
In contrast to sensors without gain there is no correlation between the Landau fluctuations and the
weighting field fluctuations. For uniform charge deposit, only the second term of the expression
remains. For very large and very small pads the coefficient s32 vanishes and the effect is largest
for w/d ~ 3. In addition the expression is the same, whether the pixel is on the gain side or the
opposite side of the sensor.

The solutions shown in this report set the scale of the problem and provide insight into some principle
dependencies of the time resolution on charge fluctuations, noise and weighting field fluctuations. The
inclusion of realistic charge deposit models as well as the effect of diffusion, track angle, finite depletion
voltage and pixelization are best accomplished through Monte Carlo simulations and the formulas of this
report can be used as benchmarks for such studies.
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13. Appendix

The expression for the weighting potential of a rectangular pad of dimension w,w, centred at z =
y = 0 with a parallel plate separation of d is given in [25] as

wa(mvyaszmva?d) = f(x Y, 2, wmva Z {E y72nd - Zawz,wy) - f(x,y,Qnd+ vaazawy)]

(114)

flz,y,u,wy,w,) = arctan ST | E— + arctan S E— (115)
‘ u\/2? + y? + u? u\/w3 + y3 + u?

1
2w Corn

arctan | — Y2 | _arctan [ — 291 (116)
u\/T3 + y2 + u? u\/x% + y? + u?

Wy Wy w w.
m=r- ot m=rh o n=y- 5 =yt (117)
We note that ¢y 2wy, w
¢w($7y72awwiyyd) = ¢w (g g g f dy71) (118)

The weighting field is given by

1 o0
Efu(xuyvszmawyad) = %g(mayvszszy TZ: g\r y72nd+szszy)+g(m7ya2nd_z7wzawy)}
(119)
with
gz, y, u, wy, wy) = 2y (2 + yf + 20°) + Loy (a5 + 43 + 2u?)
e (@2 +u?)(W? +u?)V/a? +yf +u? (0 +u2)(y3 +u?) /23 + 13 + u?
_ z1y2(af +y3 + 2u?) _ wayi (v3 + yi + 2u?) (120)
(% +u?)(y3 +u)V/al +y5 +u? (25 +u?)(yf +u?) /a5 + yp +u
and it holds that 1
p 2 T Yy zZ Wy wy
E (2,4, 2, W, 7d:E(777— ) 121
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w/d 22 c12 c11 c11 + ci2 + 22
0 0 0 0 0
0.01 [ 6.13x 1072 | —2.88x 1079 [ 344 x 107 | 3.41x 10"
0.1 | 6.05x107% | —2.75x10°% | 3.18 x 10 | 2.91 x 10°°
0.2 | 928x 1077 | —2.06 x 107 | 1.17x107* | 9.68 x 10~°
025 | 22x1076 | —3.88x107° | 1.74x107% | 1.37x107*
05 | 277 x107°% | =244 x107* | 5.5 x 10~* 3.33x 1074
1. 21x107% | —1.04x1073 | 1.33 x 1073 | 4.99 x 10~*
1.5 | 45x107% | —1.78 x 1073 | 1.81 x 1072 | 4.86 x 10~*
2. | 6.13x107* | —2.18 x 1073 | 2.x 1073 4.34 x 1074
3. 713 x107% | =231 x 1073 | 1.94 x 1073 | 3.41x 107
4. | 6.83x107* | —2.14x 1073 | 1.74 x 1073 | 2.77 x 10~*
5. 6.26x107% | —1.93 x 1073 | 1.54 x 1072 | 2.32x107*
10 4. x107* —12x1072 | 927 x107* | 1.27x10~*
20 | 224 x107* | —6.64x107* | 5.06 x 107* | 6.61 x 107°
50 | 9.56x107° | —2.82x 107 | 213 x107% | 271x107°
00 0 0 0 0

Table 1: Coefficients c11, c12, c22 from Eq. 68 for different vales of w/d, where w is the size of the square pixel and d is the
thickness of the sensor.

w/d koo k1o k11 ki1 + k1o + koo
0 0 0 5 =833x10"2 | 5 =833x10"2
0.01 843 x 1078 —6.43 x 107° 833 x 1072 8.32x 1072
0.1 5.37 x 107° —2.82 x 1073 8.05 x 1072 777 x 1072
0.2 3.05 x 10~ —7.32x 1073 7.57 x 1072 6.87 x 1072
0.25 5.13 x 1074 —9.62 x 1073 7.32 x 1072 6.41 x 1072
0.5 2.17 x 1073 —1.94 x 1072 6.18 x 1072 4.46 x 1072

1. 6.39 x 1073 —2.96 x 102 4.73 x 1072 2.41 x 10~2
1.5 9.82 x 1073 —3.36 x 1072 3.99 x 1072 1.62 x 102

2. 1.22 x 1072 —3.53 x 1072 3.58 x 1072 1.28 x 102

3. 1.51 x 1072 —3.67 x 1072 3.15 x 1072 9.86 x 1073

4. 1.68 x 102 —3.74 x 1072 2.92 x 1072 8.61 x 1073

5. 1.78 x 1072 —3.77 x 102 2.78 x 1072 7.92 x 1073
10 2.x 1072 —3.83 x 1072 2.5 x 1072 6.68 x 1073
20 2.12 x 1072 —3.86 x 1072 2.35 x 1072 6.19 x 1073
50 2.29 x 1072 —3.84 x 1072 2.2 x 1072 6.44 x 1073
00 | 15 =22x10"7 | -5 =-389x107 [ 155 =22x10"% [ 45 =5.56 x 107

Table 2: Coeflicients k11, k12, k22 from Eq. 77 for different vales of w/d, where w is the size of the square pixel and d is the
thickness of the sensor.
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