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Losningarna bér vara s& pass fullsténdigt dokumenterade att en lisare kan
folja alla moment utan att behdva fylla i saknade steg.

Betyg siitts efter hur vl lirandemalen ér uppfyllda. Riktvirden for betygen
ar: A 22p, B 18p, C 14p, D 10p, E 9p. (Max: 24p.) Aspektuppgiften markerad A
kan héja betyget om den &r 16st tillrickligt val.

a)  Visa med hjélp av den formella gransvirdesdefinitionen (d.v.s. med
e—6-formalism) att Iiné (2z —5) = 1. (1p)
XT—r

b)  Antag att f(z) = 2225 & 45 Ar z =5 en hiivbar diskontinuitet?

-5
Om s3 &r fallet, bestém den kontinuerliga utvidgningen g(z) till f(z)
‘iz =35, d.vs. g &r kontinuerlig och g(z) = f(z) for alla x # 5. (1p)

Bestam integralerna nedan.

a) [In(1+2?)dz. ‘ v (1p)
2 4
b) {ﬁ; ' (1p)
) [ELds. - (1)
0
Bestdm den generaliserade integralen [ ze®dz. : (3p)
—00

En rektangel ar inskriven i en cirkel med radien 5 cm. Antag att lingden

pé ena sidan hos rektangeln minskar med hastigheten 2 cm per sekund.

Med vilken hastighet dndras rektangelarean i det dgonblick d& nimnda rek-
tangelsidléngd ar 6 cm? (Ledtrad: Se Figur 1.) : (3p)

Bestdm masscentrum (Z, §) for en ratvinklig triangel med kateterna 1 cm

och 3 cm om masstétheten ges av §(z) = 1+x g/cm? dér x ar avstindet i
cm till den kortare kateten. (Ledtrad: Se Figur 2.) : (3p)
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Figur-'1. Rektangeln i Uppgift 4.

dx)=1+x g/em?
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Figur 2. Triangeln i Uppgift 5.

6. Anvind en Maclaurinserieutveckling for att bestimma arctan 0.5 med ett fel

pmmMmmmmmwmaﬁ¢mamm=5%%§ﬁmﬁmekLn) (3p)

n=

7. Visa med induktion att kzl 2% =222 forallan € Zy. (3p)
= 3

8. a) Bestdm den allmiinna I6sningen till 3" + 1/ — 2y = 18ze®. (2p)

b)  Anvind den forbittrade Eulerstegmetoden med steglingden h = 0.25
for att l6sa begynnelsevirdesproblemet

Y =y
y(1) =1
pé intervallet [1,2]. (2p)

A. Formulera och bevisa Integralkriteriet.

Sida 2 (av 2)

Fordjupningskurs i analys, 7,5hp (MAOSQG:MOS}) e Hostterminen 2009
Jens Persson, THU, Campus Ostersund



1. a) linn (2x-5) =1 bepyder [ormellt:

— X—>3

For wae ¢>0 fimns J>0
Sadant aitt

0L ) x-3]¢d = |(2x-5)-1]«
LAt 055 hMa nirware pd HLos ¢

|Cx-5)-1] = |2x-6] = 2]x-3]

Detla. ar <2 ¢ ovam 2)x-3)2 § <
,,,,,,,,,,,,,,, e o)< g

a“b A&Vﬁ‘v J':: 5/2 . DC? ﬂﬂ‘\”ef*
fm)p Iiliabonen ovav .

b) (\( )“ '>_( -25 éf”'i)(;‘-"s) &

= hivva 0O = 6+5 = 101- d.v.$.

X35

3mwb\é¥M eyt (ach dr delfjf),

DeHa wmfbar CLH“ X=9 @f en hqvwr
disleoatinur i€t |

Dedmica. A= X+5, xe R. 6#%:Sam

) &amhwwfiiﬁ ech SCX) f[x) {or alla
X+5 54 4C § lwwhwuﬂig& uf‘nﬁgm@gn @



W £ 7 x=4.

2« a) j/m(ﬂx")dx fuc\\/ u,vadu,-

= | Lat u = mGirx®), dv= o
dv.s. du = gﬁdx , V= X]’“

1+x*
= (_H—x")'x-fx i))%dx:
= Xln((y+x? —
(4rx™) - 2f1+x" dx =
= X lIn I+x*) - J+x2 J_{> -
¢ X) ,Zj( 2 dx =

x'L

= X (1”(") 2f1dx+-2j

= X In (1#x?) =2 x +2mfm x+C.

1+x?

> j‘x%_,,x [X(x = @0

Pavhal bm&&up’?de’a m ’fﬁmwd@vs
1 anSaH ,4 __@x"’ C

x(x 1) T X7 ket
- A{k +;) <EX+C3X

X (x*+1) |

_ GB)x2 +Cx e A
x(xzﬂ) |

t—
w—




Detla ger elabionsyystemet

Lat
=
—

,44‘"5 = O (0
C = O (2>
A =1

A=1 tor () | W ’H’@’*‘Oé B=—1
/431' 1} B = -7 J C.::'O

3,1 -1)X %
O = j(x i x)Zi: ‘de B
= f (—’ ’_;?:JQLX B
= :[X 7 [ )(2'5:4 = [i—R(X"ﬂ?:Zﬂ |
= (In IX))LB - %(-)v\ IX2+7D)::
= dm Ix) — ln()xl;f}”zb ),3 =
:(IV\ 2 '))3:1\«\ > ==

= (o)

T—S; (= 0. 293‘I>
S'\“de Z{u Py _
s du= S5

= [sinu - 2du '.;,QI siv U du =



o ‘ X< PT. x=0 o
:;V\n f U.clV = M’V) (uV)l '—'deLL
% R X;P R0 X=R x=R
=llat u=x , dv= @ dx
dvs dw=4dx , V= e =

[R=3 ~ oo

= hm ((o—fbe"- (2~r)€2> =

R—>—0

= 1+ G-RYe®) = —1+0=-1
| fj ) QR—Q bm@efﬁ)..

2> o J Ro-A

<>< = 6em vrid




AY@QV‘ : A = Xj
-'Qeammge,lns, diagonal * 2 - 5 e = 10 e
’P%-anﬁomS 9er ddvfer :

10

N y
X+ y? = 90 “ . .
- ‘ %
Yy = J100-x?
= A = < J1oo-x2
Penvem  jwmiplic't wea . t (vi vet
Ju afh X=xlt) oth darmed /4 4(—&))
ax
dA _ dx - ~2x 5% _
—_— = — \log-xt + X =
&t T at T 2 Jleex?

= "9“)5'(\}100'-)(7‘1"' xZ >:: :
at Sroo-x* -
ax (Goo-x*)~x>
at m ',"

dx Go-x* _ > x=

QT faa—x”*
' /100 62 Vioo-26
v J_'..‘! _ |
T g
1 2

Averr winSlon alltsa wmed 7 CM?75

Aa  reldangelsdan  Sr § om. ®



funlctiong,, £ ges g;/.lp‘af'- ﬁ(x):1_—§-x
(b linjik ah  for=1, £(3)=20).

Den Smalja rea-w‘am(}eln ; {'17 it wed |
bredd  dx ey hajd L0  hav  wassan

dwi = iﬁ,":}ﬂ)‘)dx = (7+><3(l-5'x)¢x
- _WSJ—&'“ avea

=> Tl wmasia;
(l\ ﬂram)

ez . 3 ——
x= 0
3
= %f(wx}(s-x)ax =
= 13[(3-*><+3x~x"")dx =

= i/\j(g-l—z)(“’xz)d—x -

= %23x+x2~. . xz>},03:

= %((‘H-‘I* 7)——0).—.- 3

Den smala relctangeli how wmoméntet dMy=0
leang y-axdln, och ded g5 an o
Whow = i =004 g



=> Tolalt wmoment kimg Y- ax\?lw :

x=3

Moo= dMeeo j x(rRli-1x)dx =

X=©C

1 NS _
- §af(x+x )(_3-><)a,x

|
W
o
IN
L
J
L~
\)
)
]

1

Deﬂagw-zzﬂﬁawf&:g

Den swmala ,r@u}aw‘jélm har  wmeomenled |
dMy-0 e x—axely 4Gy

L)

Lony boam + , —

= et AM Ele 73 |

/; T =5 3 X 14—)()(}-—:3-)() X.=

p LUIR)/ - A | |
I = L G- 350 %ax

— T@xfa{ﬁ momén T L'qwﬁ X—axel :

o




s

& f(n—x)(q bx+xDdx =

o

T{é'f (3-6x+X"+9x— bx>rx*)d x=

0

Jéo *(9+3x—5% +)<3)ix—-»

1
= "L(?X'*}zxz"g’( +

MasScantum  ar qllbs (| cm)

M LED ( 7 = (= (1.25; 0.29))
5}

= Li 1. 25 vy I OBS ‘JaM‘fef‘ "

4= oy = 0.29 o, T cantoiden (1] 2
Som 13960

. ’ €y
L W i
xR p Hl (2

-
Ld
—— o o~

_Figur
.
N~




‘ =2 '(’2’1)":

— > C-»U)w <, vt |
= = -'2‘> =
h=0 2n+{

é‘* %(é> ’5(2) 2)4-

Vi wvll ha eH )[6! £ 0,009 = 10“3'~ }Z;O
Vid hunbervg v Maclawmin serien ovan .
- Albermennde Serie = Lelet Ul absolutyelppet & £
- absolutheloppet hos  [osla  kostade jermen:

V\

ntl ) '
’M' /2 + (5) I<T% Sl

()™ Laata leashnde lecmai.

VI e Sk«n\fa &) Sowm
K }
| (var).zz:ﬂ 4_7;;;
(2M+D.22?\H S oo
| @“‘*’D’Lf”, > 5p0 )
. Vigyy (4=3) = (2:3+1)- 4’ =
= Z-64 = Y13 2 500,
S n=73 Lunbar 60
Vl—(ﬂC“ L) = (24+D Y=
=9 256-230w > 500, (3)

2enh) awn

2 =922

_ SR _
:15: 7€ F"’H‘




S5a n=4  fonler. VI len allis
lastr oot n=Y4,56,% .. *

- 3 ""l)v‘ 1 2wn+| _
achm 0.6 % ?—Q————(z) =
o

e - 2.0+
fel £ oo01)

i-l. 1 11

=372'%8 532 72 128"

S A T Ny e
= 3 2'~I+1é,o ey, 0.Y63M67...

(M}m 0.5 = 0.4Y636497... , vi ¥c aif [elet
I appoximationsn G umgelar 0.0002 £ 0.001)

W

- | 2k +2
7 Viw= T 58 H=2-22 4oz

_— n
— o= 2

Sla via  Viw=HLn ' Li-alla ne2,

¢ Stotsteg (n=1):  V),=H)L, ¢ Vi har:
1
V<< X = 0=
=1 % 2 |
=0 B2 5 3_4 3 _ 3
HL% 2 2"2 2 2 2 "2

dv.s, Viy=HL; , Stavistegol vedfieat.

’l“s‘;“&:i‘f?;”ééi‘%i;i Ga lle Mph&wﬁm en |
Vip=HL, = Vblp,=HL,, Ypez, 7§

‘ 1 | o
= 53 (-0
1,1 .



Avﬂaﬂ VL p = H] v ( l‘hdu&&-nbwsaw\‘czﬂaﬂ de).
Da. 8;‘(“@{*

PH e P
_ —_— i
VLpH B é ok - f — + P+ —

A 2.2° ~2{-‘+{
— 2 .
= 9 2044 . Pt]_

2 T Spe
- 2 - (zp+4)-(p+1)
| - 2 B
= — P*+> P+ +2

d.v.$ ;m,,i.ahmgmség W—’nﬂ‘i sat
Enligt  indulthouspricipen galler 3o’ b
VL,=HL, Vnez, 7

| ____6_____ a)“ .:,‘3"4—"«3)—-23 = 1g><e’< €

| Allm&'v\;aa losw Mggv, o Slenvas |
A= An+ Yy | |

dae Yy almsinng Ziﬂs'ﬂjﬁm fil - den

®



howorena.  Versionén o G, ath Jyp ar
vilke,, )eM’-Him i&?‘/ﬁw@ Somn helst ll GO,

HOMﬁﬁw Clwation : 3” -,L:j',_ 25 =0
Kovaltdatistid elbabon: 15+ y-2=-=0 &

Vi ansiler  an Wlmi&’réim% 8%113%
o ‘jw = % (,4)&%8)6“

- = B Bx)e* D
By gy = (Ax+B)e*  hade ke funbat
eltecsom Yermen Bex | deffa Yo

ar o loén!hj Al havwcﬁﬁv\a eﬂmhmew
(M,dé‘iﬂ allds W!L{}‘é Wd X) <Dé{)\/€rdl @—);

= (2Ax +B)*+ (A" +Bx)e* =
= (/b( + (2A+8)X "‘B)e"

=> Yy = @A)+
+ (Ax™s (24+B)x+23>e =




= (Ax*+ (1A+8)x + 20 A+B) )
CSatt w Ye, ';j,f ah 3; I @)

@Xl"” (WA+8)><+2(A+B)>€" +
+ (AX “r (Z,4+B)x+ B) e -
- 2(Ax*+Bx)e” = 1¢xe”

Pidera et med o * :
AX" + (AR x + 2AMB) t A+ A+B)x +B —

C—2AX™-28Bx = 15x
Samlahop e a Swma frad

Ox* bAx o (24+38) = 18x
Vil far elwakionssystom et

x* P - O m
X 6A = 18 (2)
leowst. : 24+30p = O (3)

Vr (2 {a5 A=3, vilket 1 (3) gep
2-3+ P =0 P=-2

Vi v allba  parbibulat (55aing e
| IAP:: <3X‘L“QX>€X |




Don  allmanna /E‘SmV(ljé’w ar c{avrﬁf'r;
Y= dntdp = |
-2 2 X _
= C,@X_’,Cze zx”'(gx“zx)e' -
= (3x™2x+C)e* + ¢, e
| | o I — x
b)  Begymelseitespobien %f,)“ > oo
| slgligd h=0.25 |5 geor  J1,2]
- med  den #v’béﬂ#‘rq&e Eu efﬁgmﬁﬁﬂé’ﬂ :
| Det giler  ap 4' = Llxy)
o Y(xe) = Yo
med  Llay) =xy, x, =1 o Yy = 1.

I tecakionsformlar {or den ,[af’u%ﬁkle Euler—
- meteden

Xniy = Xn+h = X, + 0.25 |

Un+t = Y, + h(("mﬁw): |

| = Yat0.25 X0 = Yu (1+0.25%,)

Yner = Ynt); f(x"'!‘j")*[(x"d'unﬂ) =
| 2 |

= ‘jn +0.1.5- ()(n‘jl;ﬁ" X4 Uns 4)

DeHa ger | stegen:



{ Xy = Xo+ 0.25 = 1+0.25 = {25
W = Yo (1+0.25:X,) = - (1+025 N=
= 1-(1+o0.25) = 125

Yy = Yo * 0.125 (Ko Yo + XyUy) =

= 1+ o5 (114 1:25125) % {2003

sz_sa x,+o.25'é .25+0.25 = | &
w,=4%,(1+0.25x,) = 1.3203-(1+0.25 - |.25)

= 1. 7329 | |
Y, = 4y +0.125- (X4 + X, Uy ) =

% 13203 + 0.125° (1,25 .320% + 1.5 mzq) .

L = 1.8515

= x2+o 25 = 16'+0 25‘ 1725
uf- 'ﬂz(!+0.25~>(?_) = 1.9515(1+0.25].5) =

Y,

~ 2.54Y59

i =Y, +0.125" (ng,,—r x3u3) =2

~ ). g515+0.0250.5 18515 + ),75 2.5459) =
2.7556 |

= 3,912
= Yz + 0125 (Ys‘ﬁz*xv“w)"'
2 2556 +0125 (1.75-2.3556 + 2+ 3.9612) %

y x3+027*17~7*02§“ 2
Ua= 93(1+0.257X,) % 2. 7556 (1+o 25+1.75) %
Uy
= Y. 3487 o ()




AV.S,  den wuwenla fﬁm%ajan ges o labellen

x| Y I
l.oo | {.0000 5T
.25 | L3205 | |
1.so | 1.8515 || Y7
135 | 2.955%6

.00 ’4,3‘13'-7; 31

d--ar'—-w-mmmmmwm:mmuwmb-awnmmm:ﬂummlM -

SQ f{jwf v ol i §
L |
» ]
CEX&&“' IOSIMWﬁ 2- 1) 4 :s 5 E
Yix) - e SRR
L
; N 1
la:m {55 - glmom ot | I T
(jr:xg sefd»faﬂaef Fftgf‘ 1 , 1 4 X

Qﬁ = lﬂsﬁ““j(’(n) Vilar 54
Vo 2,20, @, ==0.,0045; €, %~0.0l6%
e, = 0.0, ev~*0 1330.

T Nafon  seulle &[er @wbm Wl igéhjf na

/4 ' Se Fa‘?ﬁiaﬁkmfvij 10 s 715( :

I ——trgy.
PRSI ——



