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Thus, for any positive integer N we have
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Considering geometric series we get
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and therefore, using the limit rule for scaling we have
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This shows that the series is convergent and its value is 5/8.
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Mop25:7. (a) Los initialvirdesproblemet
(stefan Bavelf)
2 ==zy, y0)=1 (2p)

(b) Anvénd den forbéttrade Euler-metoden med h = 1 fér att approx- I
imera virdet y(2) av l8sningen till ekvationen ovan. Kom ihég att
iterationerna som anviénds i den férbittrade Euler-metoden for att
approximera 16sningen till ekvationen ' = F(z,v), y(zo) = %o, &r
pa formen

Tpt1 = Tn + by
Untl =Yn +h- F(mm yn), (1P)
Ynt1l = Yn + h- (F(mm yn) + F(En+1,un+1)) /2-

7. (a) Solve the initial value problem
2y = xy, y(0) = 1.

(b) Use Euler’s Improved Method with A = 1 in order to approximate

the value y(2) of the solution to the equation above. Recall that the

Y iterations used in Euler’s Improved Method for approximating the
solution the equation ' = F(z,y), y(wo) = yo, are of the form

Tpt1l = Tn + h,
Unt1 = Yn +h F(Tn, Yn),
Ynt1 = Yn + - (F($m yn) + F(mn-l—l, un+l))/2'

Solution. a) This problem can be solved in at least two ways: 1) by use
of the fact that the equation is separable; 2) using an integrating factor.
1) The equation may be written as
"
y 2

Integrating both sides with respect to z, we get
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Applying the exponential function we get
mz v
ly| = el = TH0 = Opo?/4 = Dem2/4, D=¢%>0.

We conclud;; that all solutions to the equation 2y = my are given by
y(z) = De®’/%, where D is any real number. The initial condition y(0) = 1
gives

1 =y(0) = De’ = D.
We conclude that the solution is given by y(z) = %*/4.
2) The equation may be written as

Pz
Y -3y 0.

Thus, the integrating factor is given by

ef—m/Z do _ 6-—-:1:2/4

Multiplying both sides of the equation by the integréting factor, the equa-
tion may be written as

Zz(‘l:E (e_m2/4y) — g/ (y, _ _re'y) ~0.

Next, we integrate both sides of this equation with respect to z in order
to get

g ,
—z?f4, - —z? /4 - _
e y—/dm(e y)dw /Oda:—C’, C eR,

and we conclude that y(z) = Ce®®/t C € R. Using the initial value
y(0) =1, we get
1=y(0)=Ce =C.

We conclude that the solution is given by y(z) = e /4,

b) The equation may be written as

Ty
y/ = 7 = F(w,y),

with initial values zp = 0 and yo = 1. With A =1 we get
s =ag+h=0+1=1,
uy =y + h - F(zo,90) =14+ F(0,1) =1,

F(zo,v0) + F(z1,u1) 14 0+1/2 _
2 2

> ot

y=yo+h-
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and

Gy =ai+h=1+1=2,

5 15
uy =y1+h Flz,y) = + F(1,5/4) = o
F(zy,y1) + Flza,ug) _ 5 5/8+15/8 40 _5

Yya=11+h- 5 1 5 53

We conclude that the approximated value of y(2) is 5/2 = 2.5. In view of
7.2) we now that the exact value is given by y(2) = e! ~ 2.7182.
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