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‘Hjslpmedel: Godk#ind minirdknare samt bifogad formelsamling

Till alla uppgifter skall fullstindiga 16sningar ldmnas. Resonemang, ekvations-
l6sningar och utrikningar fir inte vara sd knapphéndiga att de blir svéra att
folja. En uppgift per blad, skriv endast pa en sida.

Betyg sétts efter hur vél lirandemélen &r uppfyllda. Riktvérde for betygen
#r: A 22p, B 18p, C 14p, D 10p, E 9p.

1. Betrakta f(z) = e ®. Anviind Taylors formel i punkten a = 0 for att
‘approximera talet 1/e med ett fel som &r mindre &n 0,5 10~3. Losningen
far inte bero av en jamforelse med virdet 1/e fran en minirdknare. (3p)

2. Anvind Medelviirdessatsen for att bevisa att tanz > z f6r 0 < z < /2.
(2p)

Medelviirdessatsen. Antag att funktionen f #r kontinuerlig pa det slutna,
begrénsade intervallet [a, b] och att den &r deriverbar pa det 6ppna inter-
vallet (a,b). D4 finns det en punkt ¢ i det 6ppna intervallet (a,b) sddan

e £(6) ~ f(a)
— fla)
b —a - .f (C)‘
3. Fyra kvadrater skérs ut ur en rektangel i papp av storlek 50cm x 80cm
och den &terstdende biten viks till en sluten rektangulédr lada med tva

Gverlappande flikar. Hitta den storsta mojliga volymen av en sédan lada.

A

N

50 cm

(3p)
4. Avgor om integralen

1
T
/0 ——1uw2dx

ar konvergent eller divergent. Bestim dess vérde om den &r konvergent.
' | (3p)
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6.

. L&t @ > 0 och antag att vi vill berdkna Ina. Hur kan man gora det

om minirdknaren saknar knappar for logaritmer? Féljande gransvirden
kommer till anvéndning.

(a) Visa att

=Ina. (2p)

z—0 .
Tips: Anvénd det faktum att limg_yo(e® —1)/z = 1.
(b) Anvénd gréansvérdet i (a) och bevisa att

lim n({/a—1) =lna. (1p)

n—+oo

gM‘De flesta minirdknare har en kvadratrots-knapp. Det féljer fran (b) att |
virdet Ina kan approximeras som foljer: Om n #r en potens av 2, sig
n = 2%, s8 kan {/a beriknas genom att mata in talet a och trycka k
ganger pa kvadratrots-knappen, dvs

Va=a"" =1/1/---va  (k kvadratrétter).

Efterat subtraherar man 1 fran resultatet och multiplicerar med n for att

approximera talet In a.

(a) Ge den formella definitionen av pastaendet ”funktionen f(z) &r kon-
tinuerlig i punkten z = a”. (1p)
(b) Lat a och b vara reella tal och betrakta funktionen

1—=2 0mw<;—2,
fl@)=(b—azx—2?> om —2<z<1,
—3 + bx om z > 1.

For vilka virden pd a och b &r funktionen f kontinuerlig? (2p)

Betrakta polynomet p(z) = 2® — z — 1. Den enda reella roten till detta

polynom &r ett irrationellt tal. Beskriv en metod for att approximera
viirden p4 denna rot (utan att anvénda minirdknare). Anvéind metoden
for att approximera roten med ett fel som &r mindre &n 0,1. (3p)

. Betrakta initialvirdesproblemet 2%y’ = (1 + z2)y?, y(2) = 2.

(a) Hitta losningen y(z) till detta initialvérdesproblem. (2p)

(b) Anviind Eulers metod med initialvéirden z9 = 1, yo = 1/2 och
steglingd h = 0,5 for att approximera virdet y(2) till en 16sning
av differentialekvationen z2y’ = (1 + 2?)y%. Kom ihag att det itera-
tiva.steget i Eulers metod ges av

Tpt1 = Tn + R,
Ynt1 = Yn + - Fzyy),

n 2 0, n € 2,

nér man betraktar differentialekvationen y' = F(z,y). (1p)
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Aids permitted: An approved calculator and the formula collection attached

Working must be shown in full in order to obtain full credit for an exercise. Do
one question per page and write on one side of the paper only.

The grade is determined by the extent to which a candidate demonstrates
that the learning outcomes of the course have been met. Guide values for grades
are: A 22p, B 18p, C 14p, D 10p, E 9p.

1. Consider f(z) = e™®. Use Taylor’s formula at the point a = 0 in order to
approximate the number 1/e with an error smaller than 0.5 - 1073, The
solution may not depend on a comparison with the value 1/e given by a
calculator. (3p)

2. Use the Mean-Value Theorem to prove that tanz > z for 0 < z < /2.

(2p)
The Mean-Value Theorem. Suppose that the function f is continuous on
the closed, bounded interval [a,b] and that it is differentiable on the open
interval (a,b). Then there exists a point ¢ in the open interval (a,b) such

that

3. Four squares are cut out of a rectangle of cardboard of size 50 cm x 80 cm,
and the remaining piece is folded into a closed, rectangular box, with two
extra flaps tucked in. Find the largest possible volume for such a box.

A

50 cm

(3p)
4. Determine whether the integral
1
x
—d
/0 1—a2 ™
is convergent or divergent. Find its value if it is convergent. ~ (3p)

%




5. Let a > 0 and suppose that we wish to calculate Ina. How to do this
if your calculator does not have buttons for logarithms? The following
limits can be put to use.

(a) Show that

.oat—1
lim
z—0 T

Hint: Use the fact that limg_,o(e® —1)/z = 1.
(b) Use the limit in (a) and prove that

lim n ({/a—1) =a. (1p)

n—ro0

=Ina. (2p)

= L
Most calculators have a square root key. It follows from (b) that the
value In a can be approximated as follows: If n is a power of 2, say n = 2%,
then {/a can be calculated by entering a and hitting the square root key
k times, that is,

Wa=a"" =1[1/---v/a  (k square roots).

Next, you subtract 1 and multiply by n to get an approximation for Ina.

6. (a) Give the formal definition of the statement “the function f(z) is
continuous at the point z = a.” (1p)

(b) Let a and b be real numbers and consider the function

1—2z if x < —2,
flz)=<b—az—2? if —2<z <1,
-3+ bx ifwzll.

For which values of @ and b is the function f continuous? (2p)

7. Consider the polynomial p(z) = 23 — z — 1. The only real root of this
polynomial is an irrational number. Describe a method for finding an
approximate value of this root (without using a calculator). Apply this
method to approximate the root with an error smaller than 0.1. (3p)

8. Consider the initial value problem z%y = (1+ z?)y?, y(2) = 2.

(a) Find the solution y(z) of the initial value problem. (2p)
(b) Use Euler’s Method with initial values zp = 1, yo = 1/2, and step
size h = 0.5 to approximate the value y(2) for a solution of the

differential equation %y’ = (1+42)y?. Recall that the iterative step
in Euler’s Method is given by

{$n+1 =y +h,

n>0 ne,
Ynt1 =yn + 1 Flayy), ’

when considering the differential equation y' = F(z,y). (Ip)
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