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Till alla uppgifter skall fullstindiga losningar ldmnas. Resonemang, ekvations-
l6sningar och utrikningar far inte vara s& knapphéndiga att de blir svara att
f6lja. En uppgift per blad, skriv endast pa en sida.

Betyg siitts efter hur vil ldrandemalen &r uppfyllda. Riktvérde for betygen
ar: A 22p, B 18p, C 14p, D 10p, E 9p. Aspektuppgiften, markerad A, kan hdja
betyget om den utférs val med god motivering.

1. (a) Ge den formella definitionen av pastiendet ” Funktionen f(z) &r kon-
tinuerlig i punkten z = a.” (1p)

(b) Bevisa att funktionen f(z) = 2z — 6 &r kontinuerlig i punkten z = 7
enbart med hjilp av den formella definitionen av griansvirden. (2p)

2. Bestam Taylorpolynomet av grad 2 till sin(e® — 1) i punkten z = 0 och
anvind detta for att berdkna

z — sin(e® — 1)

lim 5 (3p)

z—0 T

3. Ar serien
1+2+1+3+1+2+
3 32 33 3¢ 35 36

konvergent eller divergent? Beriikna viirdet, om den &r konvergent. (3p)

4. En rektanguliir pool dr 10 meter bred och 25 meter lang. Dess grunda del
ar lings med ena kortsidan. Vidare ges vattendjupet pa x meters avstand
fran den grunda sidan av d(z) = fi‘;g + 1. Vad #r volymen av vatten i
poolen nér den &r full? (3p)

1
/ 22 Inzdr
0

konvergent eller divergent? Berikna viirdet, om den &r konvergent. (3p)

5. Ar integralen

6. Los initialvardesproblemet

y+y=e,  y0)=1 (3p)




7. Betrakta integralen

1 2
/ e Tdz.
0

Det &r vilként att funktionen f(z) = ¢~ inte har primitiva funktioner
som kan uttryckas via &ndliga kombinationer av elementarfunktioner. Det
innebér att det inte finns en explicit funktion F(z) sddan att F'(z) = f(x)
som vi kan anvénda tillsammans med Integralkalkylens huvudsats.

Antag att a < b och att n &r ett positivt heltal. Vi delar upp intervallet
[a,b] i n delintervall av samma lingd h = (b — a)/n. Lat mq,...,m, vara
mittpunkterna till dessa delintervall. Fér en funktion g pa intervallet [a, b]
s& ges Mittpunktsmetoden av M, = h(g(ml) R g(mn)).

(a) Approximera virdet pa integralen ovan genom att anvinda Mitt-
punktsmetoden for en uppdelning av intervallet [0, 1] i dtta delinter-
vall. (2p)

(b) Antag att g har en kontinuerlig andraderivata pa [a, b]. D4 ges felupp-
skattningen av Mittpunktsmetoden av

(b—a)

b
_ < g N g2
/ag(x)dﬂc M, <K 5 h=,

dir K > 0 &r ett tal sddant att |¢"(z)| < K for alla z i [0, 1].

Gor en feluppskattning f6r approximeringen som beriknades i 7.(a)
genom att anvinda det faktum att |f”(z)| < 2 for z i [0,1]. Hur
manga korrekta decimaler ger approximeringen i 7.(a)? (1p)

8. Ar foljande pastdenden SANNA eller FALSKA? Ingen motivering krévs.
Ett korrekt svar ger 1/2 podng och ett felaktigt svar ger —1/2 poéng.
Poéngen f6r den hér uppgiften ges av det minsta icke-negativa heltalet
som &r storre dn eller lika med det totala antalet podng som inforskaffats
genom att svara pa 8.(a)—(e).

(a) Om limgq f(z) existerar och limg_,, g() inte existerar, sa existerar
inte grénsvérdet limg—q(f(z) + g(z)).

(b) Om varken lim,_,, f(z) eller lim,_,, g(x) existerar, sa existerar inte
grénsvérdet limg ., (f(z) + g(2)).

(c) Om f &r kontinuerlig i a, sa &r |f| kontinuerlig i a.

(d) Om |f| &r kontinuerlig i a, s& &r f kontinuerlig i a.

(e) Om f(z) < g(x) for alla i ett intervall kring a, och om limy_,, f(2)
och lim,_,, g(z) existerar, sa &r limy—yq f(2) < limg—yq g(z).

(3p)
E& f (X Antag att f &r kontinuerlig pa [a,b], a < b. Bestdm konstanten k som
b
minimerar integralen / (f(=) — k)2d:v.
a
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Working must be shown in full in order to obtain full credit for an exercise. Do
one question per page and write on one side of the paper only.

The grade is determined by the extent to which a candidate demonstrates
that the learning outcomes of the course have been met. Guide values for grades
are: A 22p, B 18p, C 14p, D 10p, E 9p. The Aspect Question, denoted A, may
raise the final grade by one if it is solved in full with detailed motivation.

1. (a) Give the formal definition of the statement “The function f(z) is
continuous at the point z = a.” (1p)

(b) Using only the formal definition of limits, prove that the function
f(z) = 2z — 6 is continuous at the point z = 7. (2p)

2. Find the Taylor polynomial of degree 2 for sin(e® — 1) about z = 0 and

use it to calculate )
z — sin(e® — 1)

I
lim -~ (3p)
3. Is the series
L2l 22y
3 32 3 3¢ 35 36
convergent or divergent? If it is convergent, calculate its value. (3p)

4. A rectangular pool is 10 meters wide and 25 meters long. Its shallow end
is along one of the 10 meter sides. The depth d(z) of water at = meter
from the shallow end of the pool is given by d(z) = 1"”725 + 1. What is the
exact volume of water in the pool when it is completely filled with water?

(3p)
5. Is the integral
1
/ 2?Inzde
0

convergent or divergent? If it is convergent, calculate its value. (3p)

6. Solve the initial value problem
y+y=e"  y0)=1 (3p)




7. Consider the integral

1 2
/ e Tdz.
0

It is known that the function f(z) = e~2* does not possess antideriva-
tives that can be expressed as finite combinations of elementary func-
tions. Therefore, since we cannot find an explicit function F'(z) such that
F'(z) = e®", we cannot calculate this integral using the Fundamental
Theorem of Calculus.

Suppose that a < b and let n be a positive integer. We split the inter-
val [a, b] into n subintervals of equal length A = (b—a)/n. Let my,...,my
be the midpoints of these subintervals. For a function ¢ on the inter-
val [a, b], the Midpoint Rule is given by M, = h(g(m1) + - - + g(my)).

(a) Find an approximate value of the integral above using the Midpoint
Rule by dividing the interval [0, 1] into eight subintervals. (2p)

(b) Suppose that g has a continuous second derivative on [a,b]. Then
error estimates for the Midpoint Rule are given by

SKM}ZQ,

b
/a g(x)dz — My, oY

where K > 0 is such that |¢"(z)| < K for all z in [0, 1].

Find an estimate of the error in the approximation calculated in 7.(a)
using the fact that |f”(z)| < 2 for ¢ in [0, 1]. How many correct digits
do the approximation in 7.(a) give? (1p)

8. Are the following statements TRUE or FALSE? You do not have to mo-
tivate your answers. A correct answer gives 1/2 a point and an incorrect
answer gives —1/2 a point. The total score is given by the smallest non-
negative integer which is greater than or equal to the total number of
points gathered from answering 8.(a)—(e).

(a) If limg_yq f(z) exists but limg_,q g(z) does not exist, then the limit
limg—q (f(z) + g(z)) does not exist.

(b) If neither limg,, f(z) nor limg,,g(z) exists, then the limit
limg—q (f(z) + g(z)) does not exist.

(c) If f is continuous at a, then |f| is continuous at a.
(d) If | f| is continuous at a, then f is continuous at a.

(e) If f(z) < g(z) for all z in an interval around a, and if limg_,, f(z)
and lim;_,, g(z) both exist, then limg_,q f(z) < limgy_, g(x).

(3p)
X Suppose that f is continuous on [a,b], a < b. Find the constant k that
b
minimises the integral / (f(z) - k)Qdm.

a
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“Solutions” of the Exam Problems
(Some details may have been left out)

1. (a) Give the formal definition of the statement “The function f(z) is
continuous at the point © = a.”

sing only the formal definition of limits, prove that the function
b) Usi ly the fi | definiti f limit that the functi
f(z) = 2z — 6 is continuous at the point & = 7.

Solution. a) The statement is defined as follows:

lim f(z) = f(a)-

T—a
b) We wish to confirm that
lim f(z) = f(m) = 2m — 6.

According to the formal definition of a limit, this is equivalent to the
following: For any € > 0, there exists § > 0 such that

O<|z—7ml<d = |f(z)—(2r—6)]<e.
Since f(z) = 2z — 6, we have
|f(z) — (27 — 6)| = |22 — 6 — (27 — 6)| = |2z — 27| = 2|z — 7|
Therefore, for 0 < |z — 7| < §, we get
|f(z) = (2m — 6)| = 2|z — m| < 24,

and this assures that |f(z) — (2 — 6)| < € if 26 < e. Choosing § = /2
we are guaranteed that

O<lz—m|<d=¢/2 = |f(z)—(@2n—-6)]<25=c¢.




2. Find the Taylor polynomial of degree 2 for sin(e® — 1) about z = 0 and
use it to calculate
.z —sin(e® — 1)
lim ——(5——
z—0 T

Solution. Let f(z) = sin(e® — 1). Then f(0) =0,

f'(@) =e"cos(e” —1),  f(0) =1,

and
1" (z) = € cos(e® — 1) — e?®sin(e® — 1), f7(0) = 1.
Thus,

f(z) = f(0)+ £ (0) -z + @ 2?2+ 0 =z +2%/2 + O(2?)

as x approaches 0. Using this fact, we get

lim & sin(e? —1) i £ F z2/2 — O(z®) i —z%/2 — O(:z:?’).
z—0 z? z—0 2 z—0 x?
Since y
.= TEf2 1 1
e T T Ty
and 3
lim O(ﬁ ) _o,
z—0 T
the limit rule for subtractions give
_ i T 2 92— 3
lim & sm(Qe 1) iy =% / . O(z®)
z—0 x z—0 x
. —x?/2  O(z®) 1 1
_il»% z2 _:?—I)% x2 __5—0__5'




3. Is the series
1 2 1 2 1 2
32 + 31+ 21 3 + = 35 + — 36

convergent or divergent? If it is convergent, calculate its value.

Solution. Let

4+ .

then

Thus, for any positive integer N we have

N Ny N,
SN :Za" :Z 32n—1 +Z 32n
n=1 n=1
N N N N-1
1 1 5 1
Z—+2 Zgn =5 =5 D o
Considering geometric series we get
fim z -3 5 -3
N—oo gn o 1-— 1 / 9 8
and therefore, using the limit rule for scaling we have
N-1 N-1
5 1 5 9 b
ey = 1 — - — . i e
Z““ N BN = E)noog Z 9 5 NS 2908 8

This shows that the series is convergent and its value is 5/8.




4. A rectangular pool is 10 meters wide and 25 meters long. Its shallow end
is along one of the 10 meter sides. The depth d(z) of water at x meter
from the shallow end of the pool is given by d(z) = %25 + 1. What is the
exact volume of water in the pool when it is completely filled with water?

Solution. The volume of the pool is given by the integral

25
/ 10 - d(z) dz.
0

Calculating this integral, we get

25 £U3 25
10 [ (2%/125+1)de =10 {— J
0

3125 7,
253 200 2000
_10(3.125+25) =10 == —.

Since 2000/3 ~ 670 and the unit is m3, this means that there is approxi-
mately 670000 litres of water in the pool.




5. Is the integral

1
/ 22 Inzdx
0

convergent or divergent? If it is convergent, calculate its value.

Solution. Since the function f(z) = z?Inz is continuous on (0,1], we
need to check whether the limit
1

lim 2 lnzdz
c—0+ /.

exists, or not. By partial integration we get

1 3 1 1,3
/a:hnxdacz{%-lnx] — iE—-ldm

c c 3 T
z3 ! z8 ! 3 1
% el - |E] =0-Z lne—4+=
5ome] - [5] -0-Fmeged
Using the limits
2
lim —— =0, lim c¢-Inc=0,
c—0+ 3 c—0+
3
lim -+ =% S,
c—=0+ 9 9 =0+ 9

together with the limit rules for addition and multiplication we get
1 3 1 3
lim #?Inzdr = lim ~E-~1nc—~+2—
=0+ . c—0+ 9 9 9
2 3 1
= 1m -< lim ¢lnc) — lim 1-{— lim & ==
c—0+ 3 c—0+ c=0+9 =0+ 9 9

This shows that the integral

1
/ 2?Inzdz
0

is convergent and its value is —1/9.

-0.05

-0.15




6. Solve the initial value problem
Y +y=¢e, y0)=1

Solution. We solve this problem by use of integrating factors. Let F(z) =
x, then F'(z) = 1 is equal to the coefficient of y. This gives us the
integrating factor ef’ (@) = e, Multiplying the original equality with this
factor, we get

%(exy) — emy/ + emy — eZ:v.
Next, we integrate both sides and get

ey = /e2zdm = %egw +C, CeR.
We conclude that
1
y(z) = gem +Ce™?, CeR.

The function y satisfies the initial condition if and only if

1 1
1=y(0)==4+C C=-=.
y(0) 5T = 5
The solution curve satisfying the initial value problem y'+y = €%, y(0) = 1
is

y(@) = (" +e77)/2.

0.5F




7. Consider the integral

1
;2
/ezda:.
0

It is known that the function f(z) = e~® does not possess antideriva-
tives that can be expressed as finite combinations of elementary func-
tions. Therefore, since we cannot find an explicit function F(x) such that
Fl(z) = e~2", we cannot calculate this integral using the Fundamental
Theorem of Calculus.

Suppose that a < b and let n be a positive integer. We split the inter-
val [a, b] into n subintervals of equal length h = (b—a)/n. Let my,...,my
be the midpoints of these subintervals. For a function ¢ on the inter-
val [a, b], the Midpoint Rule is given by M, = h(g(m1) +--- + g(mn)).

(a)
(b)

Find an approximate value of the integral above using the Midpoint
Rule by dividing the interval [0, 1] into eight subintervals.

Suppose that g has a continuous second derivative on [a,b]. Then
error estimates for the Midpoint Rule are given by

(b—a)

b
_ < gNM T p2
/Gg(a;)d:c M, <K 51 h=,

where K > 0 is such that |¢”(z)] < K for all z in [0, 1].

Find an estimate of the error in the approximation calculated in 7.(a)
using the fact that |f”(z)| < 2 for z in [0, 1]. How many correct digits
do the approximation in 7.(a) give?

Solution. a) Dividing the interval [0, 1] into eight parts of equal length h =
1/8 we get the following subintervals:

[0,1/8] with midpoint m; = 1/16,
[1/8,2/8] with midpoint mg = 3/16,
[2/8,3/8] with midpoint mg = 5/16,
[3/8,4/8] with midpoint my = 7/16,
[4/8,5/8] with midpoint ms = 9/16,
[5/8,6/8] with midpoint mg = 11/16,
[6/8,7/8] with midpoint my = 13/16; and
[7/8,1] with midpoint mg = 15/16.

Thus, using the Midpoint Rule we get the approximative value

1 a2 2 2 2 2 2 2 2
My=> (e 4o e pemp e 4o e pe ")

8
=2 (0.747304

of the integral

1
2
/ezdx.
0

7




b) Using a =0, b =1, h = 1/8, and K = 2, the error estimates for the
Midpoint Rule is
1 1 1

1
—gz2 (b——a‘) 2
dz — Ms| < K =2 == ~0.00130.
/Oe ’ 8‘— 21 21 52 = 7gs - OO0

This means that
1
/ ¢~ dg = 0.747304 + 0.00130
0

and we are assured that the correct value is between 0.746 and 0.748.
Therefore we have two correct decimals in the approximation.

Note: The correct value to six decimal places is 0.746824.

0.2

0.2 0.4 0.6 0.8 1




8. Are the following statements TRUE or FALSE? You do not have to mo-
tivate your answers. A correct answer gives 1/2 a point and an incorrect
answer gives —1/2 a point. The total score is given by the smallest non-
negative integer which is greater than or equal to the total number of
points gathered from answering 8.(a)—(e).

(a) If limg_y, f(z) exists but limg 4 g(z) does not exist, then the limit
lim—q (f(x) + g(x)) does not exist.

(b) If neither limg o f(z) nor limg,,g(z) exists, then the limit
limg—q (f(z) + g()) does not exist.

(c) If f is continuous at a, then |f]| is continuous at a.

(d) If | f] is continuous at a, then f is continuous at a.

(e) If f(z) < g(z) for all z in an interval around a, and if limg_q f(2)
and lim,—,, g(z) both exist, then limg_ o f(z) < limg—yq g(2).

Solution.

(a) TRUE
(b) FALSE
(c) TRUE
(d) FALSE
(e) FALSE




A. Suppose that f is continuous on [a,b], a < b. Find the constant k that
b
minimises the integral / (f(z) — k)de.
a

Solution. Since f(z) is continuous on [a, b], the same holds true for (f(z)) ?
and (f(z) — k:)2. Moreover,

(f@@) = k)" = (F(@))" - 2kf(2) + K
and therefore
b 9 b ) b b
/(f(w)-k) dw:/ (f(z)) da;—zk/ f(a:)da:+k-2/ da.

Set ) ,
A=/ (f(:z:))zd:c, B:/ f(z)dx,
and observe that

b
k2/ dz = (b— a)k’.

Using this notation we have
b 2
/ (f(z) — k) dz = A— 2Bk + (b — a)k>.
Our task is to find the value of k that minimises the function
g(k) = A= 2Bk + (b — a)k>.
Observe that b > a gives

Since g is a polynomial in k there are no singular points to consider. Let
us look for critical points. We get

g(k)=—-2B+2b—a)k=0 <= k=B/(b—a).

Thus, g must have a minimum at ¥ = B/(b — a). This shows that the
value of k& that minimises the integral is

b
k= ﬁ/ﬂ f(z)d=.

Note that this value of k is the mean value of the function f on the
interval [a, b].

10




