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Sets ( minader)

A el 5 o collection of okjecﬁs such that we con

tell whether o given objec'l: IS in H’se set or noé.

The ohjects are callad the elements or members  of
the sel.

Examg\ev
* The set of in#esu‘s‘ (he"&ﬁl)v Eel»ween '~3 and 3 s
| 528-3,~2,41 o, 1,2,33

* Eoch nimber the sel is an element of Lhe Set .

For QXM\P)Q, 2 s on element o€ §. Tn symbols
We Lmate
2€85

Q set has -l:o grder and repeod:ecl elements are d:‘snsardeol,
So for QxQnP|e'

The sel {4 3,88 s egual to Une_ sel {3153
The sel {4,3,3,5} is egual Lo the sel 21,3,53.

Two sels are egual if Uses hous exad—l.b the same

elements,

The number of distinct elements of a se£ is called s 'cardfna!.’%g.

If o set A contains exactly n differend ;e’émeh_zl.ss W weite

1Al = :



E xam E‘e

* The sets fab,pl and fpbal are égwak since they
howe exacl\g the same clements. Bolh have Cm‘dim/i{cj 3

* The seks A= i&,b,b,pi, and B:=§ab pl are egual.
We wrie A=B. ' ’
In %a Bb,ﬂ the element b appears lu.n.ce, but we

<3m\:3 count t once, So

)

lal=1g8l =

o The Se-&s §s1 oand $8si} are NoT egual.
The fim) set consists of the number 5 while
the second consists of the sel s

and ‘hese {wo -l-k.‘nss ou-g not the s@me.
Houoew) both se{_s howe cad_;ngl;ls l:
[ $s31 = | 14531 )

BuT $sy + $3s33



Venn diagrams for sets

Tt is oflen useful Lo be cda\e.":e drows o r/'c/u.rg of a
sek. The nine leenth Cen-lurb 8»3’:’5), ma#’emq'UCibLh John Venn

invented o method for doing so:

When we are Luork.:.ns uth Se?;s) U:eg usuq"_g all have
qot elements from some Mderl:ips Wniversal sel. TP

 for example all elements froem o sel are integers (Beléal),

the wniversol sel Wwould be the sel of ol integers 3 Z.

In Swedish the universal sel is called o Smndmé:nsd.J ancl
we shall  thereflore coall our wniversal sel G

In o lern cl;asrnm) we drowo dhe universéL sel ag a
big reclange and the sels (e work wbh  are druwn

os closed regions (uscmh: cirles or ova\_s) insidle the

recd o'ms\e .

EXOMPLE

Let G- io,v,z,s,v,s, ¢ and consider the tuwo sels

A% o233 Befgys)

T’se Venn d-i&smm
('c-.- this scenarie

1S het{: ‘




SU.bSQ}.S C de\m&n&dﬁr)

0. suwet T of a set S) uwilen ﬁTSS) is o se{) ok of
whose elements axt o the set S.

XAMPLE
The set §4,3) is o subset of the seb §4351.

§433 € £49 5]

_ The Venn d&usm for thes is

-

%‘ ,

" Oy seb is o suwoset of Rselb, eq 1435) € 14351

" Gy set hos the empty set § 1, os a subset eq £1¢1435)
The empty set is usuclls dencted & so
1 =22 and 1gl=0

© O subset f & set S Which is NoT S lsel? s celled a
Fmﬂeex‘ E»&ESE'\*; (5.‘!&@. Mm'cméé) o" S

*In the exeque\ey O-‘sc«:-g £1,3Y isa prepex subsek of {l,‘B,S'.S) we wate

Ly a2 o~ 54 oa =2



OPERATIONS ON SETS

ion

The uwnion of sels S and T, wrillen SOT, is the set of oll
elements which ot in either of the sets S or 7 or in bolh,

EXamPLE

! S-= ZA.b‘cl and T-= ib.c.ol,ej then

SuT = fah e del

| I A B




Inferseclion C snitiel )

 The infersection of sels S ond T, | wrilen ST, s the seil
of elements which ot n koth the sets S oand T

ExamPLE
I8 S-= iﬂ,‘a,ci and T= $bedel  Lhen

SﬂTf ihcl

)

The Venn 'd.io.smn (19




Sel difference

The al.'“evznce of Llhe sels S and T, wi Hen S"'T>

of elements  wWhich ore wn the sel S Bu&. not & T.

EXAMPLE
¥ S:fabel and T: £be,d el  tLhen

S-T= {a}

| The Venn diagromm s :

No-k. thok smxu.\.\b) os for m.un\nrs)

S-T +T-5

e.q. wn the above exoumple
5-T=§al
T-S=1d el

's 'Uw set



Set complement

The compkmenf § of o set S consisis of ol elements nn the

uriversok set G hich axt not in S.

Thakis « S= 6=

ExamePLE
Suppose that (r-'-iO,l,z,S,‘l,S',‘,?,?,?},
and thek S= E1,2,9,9,5)

Then § = 30, LJ 8 91

[}

ﬂv— Venn d«lmsmm ‘oo\u Uu, 'H\.iS:




Seme  Wwniversal sets of fuumbers

The sed Of gf»;_;sz; intesers s o
§ *)

2, = 12,3, .. 3

MOTE Mok O i ot o pesibive inleger
The sot consithng  of pesitive inteqers and 0O the

set of notuml nuwebers Cna{wusa. &0.[)

The Seﬁ‘; «s_f! '%;aea%ﬂ‘?e ?ﬁkeé@‘ﬁ Ls
.= §-1,-3,3, ... }

MeTE  thel © s NoT o ragalive ;%@_ﬁw_
The set of ol TNTEGERS s called Z,

7 = Z_ u jol v Z,,_.



DeSCrLBiL.g sels

For oy se{:s) the eosiest Wasy o\(’ deso-:.bing them s Jusl o
list thair elements as we hows done in the exarnplns
oot . For exo.mple) the set of even integers beduwesn |

and IS e

22) ql 6: 8)v Iol 2, 193,

Bt semedirmes é@s@img all. elements of
stk . ;E:@"v' Exoum t{:ﬁﬁ.) é—g—@_ :;“,*"E: 'f,:g LS S «ﬁ"'g‘i"”ﬁf’?« ‘%’}ﬁ‘:am"‘%ﬁ ‘5

, ] o
ard 1500 has 750 elements , and g canmet lisk ther

@i}q_ . Wf@ @e%ﬁ*’“,if‘i i:@’u«.& ?@% G

L5

2, 4,6,8l0,..., (500 3)

1]

where the 5’.3"‘\”“ M s read “ond so on e 'We.
o  WSe. 'Eke (.- hamboL whenever is cleor which

e.lememls W, Meas.

Ancther \qu.b of desu—i.h:ns Jhe some sel would be:

$2n j neZ, l4nsisol
or | §_xe_ /4 , X= Q.n) a:l)l}...ﬂf{o}

e txe 2 ] !Sxélf;oo) ¥ is even)



Comk:n«inq sel ope raliong

Just o O-rda;nou.-s omthmelical opem\:on_s on numbers, Whe e.g. +)
sq’ris% VO OARS Io.ms, Whe for exomple the dssocialive lowy &or addidion

which stoles fhat , ‘
. @B+ ¢ = oq (bec)

for ol inkegen o b aad ¢ ;) we also have smilar s for Combining
- set opemkions,

We sholl g0 ouer the most important ones here | but You can find
obhus v $ha book  ( Thm. 3.4 40 ,.59 i [31)

ne GSso Cladive laws fw wrion ond .‘nlersecl.'on.

Let A8 and G be Subsets of o universal set U, then
*(AuB)u ¢ - Aulpucg)

“(RoB)e ¢ = g a(gnc)

Such idendi}ies con eom’la be u'"us*m\»cd L’b dm\»tns Venn d&o&m.ms’ e.q. |

m U
%= 4 =
C =\\\\ B“C"\\\\ ‘
@voac - LRCLOER::




The Dish<bulive Lawss

Lel 8,8 ond G be subsels of the universal sel W, then

e An (Buc) = (Qn@) v (ANC)
« Av (Bnc) = (Qunr) n (Ave)
s w

= (hap) v (anc).

D
bo }

~
)
C

[a)
7
}



—%—Mﬁw 's  Laws

Ll A and B pe Subsels of B\e. wniversal sel u, Lhen

* AUB = gnT

e
D
bo }
&»
Is

D]
D
S




Counting Things

If we toss a coin five times how many sequences of heads and tails
can arise?

In order to find this we use the multz’plicaiion principle.

In this case we have five events recorded and for each there are
two possible outcomes.

Fach different sequence of results is counted separately; for ex-
ample (heads, heads, tails, tails, heads) and (heads, tails, heads,
heads, tails) are different outcomes. : .

The total number can thus be determined by looking at the num-
ber of options for each and multlplymg these together. In this

case 1t is

2X2X2%x2%x2=32

The multiplication prin ciple states that if we have a pi‘ocedule
with n stages and each stage r has a, possible outcomes then the
total number of possible outcomes is

ay X a9 X as X ... X an




Example
On my shelfI have 12 different mathematics books and 6 different

computing books.

In how many Ways can I select two books, one from each sub-
ject, to take on a weekend trip? '

Examgle

In my local pizzeria they have 52 different pizzas on the menu, 8
kinds of drinks in their fridge and two kinds of sallad.

I'how many ways can I choose a meal consisting of one pizza, one.
drink and one sallad? |

Example

Suppose we roll two dice. One die is blue and one dje is red.

How many possible rolls are there?
How many outcomes are possible where the red die shows 67

How many outcomes are possible where the red die shows an even
number and the blue die shows an odd number?



Example

There are 2" n-bit binary strings.

Proof. :
We can find any n-bit binary string in 7 stages:

Stage 1: Choose the 1’st bit in the string
Stage 2: Choose the 2’nd bit in the string

Stage i: Choose the 4’th bit in the string

Stage n: Choose the n’th bit in the string.

At each stage we have precisely 2 choices, either the bit is 0 or |

the bit is 1, and each choice is independent of the previous choices.

The multiplication principle with a; = a5 = a3 = =qa, = 2
thus gives us that there are 2” n-bit binary strings. W




Some More Sets

Let A and B be subsets of the universal set /.
The Cartesian product of 4 and B, written A x B,
consists of all ordered pairs (a,b) where ¢ € A and be B.

Example :
Let A={1,2} and B = {a,b}, then

Ax B ={(1,a), (1,0),(2,a), (2, b)}
Note that in general 4 x B # B x A. In our example
B x A ={(a,1), (s, 1),(a,2),(,2)}.

Using the multiplication prinéiple we find the cardinality

A x B|=14||B.

More generally:
Let A, As, As, ... , An be subsets of the universal set U.

The product set
Al XAQX.A3X...XA”

consists of all n-tuples (a1, a9, a3,..., an),
Wherea,-EAiforISiS_n. -

Using the multiplication principle we find the cardinality

A1 X A2 X Ag % o x Au] = [ 44] | A .. 4]



How do we show that two sets are the same size?

We have two ways:

@Count the number of elements in each set and check that they
‘are equal.

@Pair up the elements of the two sets.

(This is also known as setting up a -1 correspondence be-

tween the two sets, we shall learn more about 1-1 correpon-

dences later on in the course.) -



Example |
The set of all subsets of a set X is called the powerset of X and

is denoted P(X}.

If [X| =n then [P(X)| = 2n,

We can prove this by pairing off the elements of P(X) with the
elements in the set of ] n-bit binary strings, and since we know
that there are 27 n-bit binary strings, there will thus also be 27
elements of P(X). |

 Suppose that X = {z1,29,... T,}, and let S be any subset of X,
then we pair off S with the following unique n-bit binary string:

Bitlisl‘ifxleSandOifxi§ZS;
Bit2islifx265and0ifxg € S;

Bitiislif:c,-ESandOifx,—ﬁS;

'Bnnislﬁxnesamioﬁxngs.

Let us do this for a smal] example.

Suppose that X = 1a,b,¢c}, and let S be any subset of X, then -

We use a 3-bit binary string to code S as follows:

BﬁlbiﬁaéSmﬁOHag&
Bit 2is 1ifbe Sand 0ifb ¢ -
Bit3islichSandOifc§ZS.

The 1-1 correspbndence between subsets and codes is thus

subset | 0 {a) {0} {c} {a,8} {a,c} {b,c} {a,b,c}
code [000 100 010 001 110 10T g 111




Partitions

~ A collection of non-empty sets A, As, As,.... A, is a partition
of the set. X if the following two conditions hold |

1. The union of all the sets is X, that is
X=A1UAUA3U...UA,.

2. The sets are pairwise disjoint, that is
AN Aj=0fori#jand1<4,5<n.

The n sets Ay, Ag, A3, ..., A, are known as the parts of the parti-
~tion, and since each element of X is in exactly one of the Az, we
can conclude that

X1 = 142] + [Ao] + |As] + ... + |4a].

'This result is known as the addition principle.

Example

Suppose that in a bag of sweets there are 5 Dumle, and 7 mints
and § jelly beans. How many sweets are there in the bag?




Example

On my shelf I have 5 Maths books, 3 Computing books and 4
Physics books.

In how many ways can I choose a pair of books from dlfferent
subJects among the books on my shelf?

The solution to this is easily seen, when you note that I have

exactly three possibilities for a pair of subjects, namely

A. Maths & Computing;
B. Maths & Physics;

- C. Computing and Physics.

‘Note also that the three categories A, B and C are disjoint.

Using the multwlzcatzon prznczple the selection in A can be done

in 5 x 3 ways.
Similarly there are 5 x 4 selections in B and 3 X 4 selections in C.

- Hence by the addition principle there are thus

OX3 + 5x4 4+ 3x4 = 47

ways of choosing a pair of books from different subJects among
the books on my shelf, :




The Principle of Inclusion-Exclusion

Suppose we have two sets A and B and we know the sizes of
these sets. Do we know the size of the union of these sets?

Unfortunately, we cannot simply add the sizes of the individ-
ual sets, as if there are elements that lie in both sets they will
be counted twice but will only count as one in the union. Thus
for each element that is in both sets, and therefore is in the
intersection of the sets, the sum of the sizes of the sets is one
too great. Therefore in order to find the size of the union of the
sets we have to sum the sizes of the individual sets and then
subtract the size of the intersection of the sets. This gives:

IAUB]:[AH—]BI——(AHBI




Example
It A={a,b,c,d} and B = {b,e, f} then:

AUB = {a,b,¢,d,e, f}
ANB = {3

and
|A| = 4, |B| = 3, ]AUB[ = 6, ]AHB[ = 1A
We can therefore see that in this case

]AUB[:[A]HBl—lAmB[.

This result extends to three sets:

Proposition B1.3 Let A, B and C be three sets from the
same universal set ¢, not necessarily disjoint. Then

|AUBUC| = IA]+IBI+IC]—lAmB[—jAmC[—leCHlAmBmC}




Example
If in a town 50% of people use buses, 40% of people use trains, and
20% of people use both, how many people use at least one of these

forms of transport?
Let U = the set of people in the town.
Let A = the set of people who use buses. |4| = 2101

Let B = the set of people who use trains. |B| = U,

|ANB| = 1OO[U[
Then:

20 70
[AUB| = |4l + 1B~ |40 B| = 0]+ 0] - 2] = gy

Thus 70% of people use at least one of these forms of transport.

Example
How many integers in the set

{1,2,3,4,5,...,100}

are not divisible by 2, 3 or 57

2lac




ORDERED OR UNORDERED SELECTIONS 2

E xg\e

@ I keow Y children. In how Monwy WGMS  Can I choose
a Po;r of ildren Whare one of them is to kelp me do
the 5“‘6‘9“‘:"‘5 ‘ancl tha other s 1o \'ul-P me do the dushs ?

@ T keow Y children. In hew mony wous can I choose
w poir of tham bo take to the cinemal

i’f% %

Bill Chrislina. De\»\a.e




ORDERED SELECTIONS WiTHOUT REPETITIoN

-~ Problem: Choose an ordered celection of k obJ‘edS bom a

sex of n OBJecls where re?elfh‘on 's not alloused,

Such selections ore colled Qermula-ln'ons_df lens-n-o k

from n objects ond we denote their number by

Pln, k).

How morwy _ore theve !

Solukion : This is a k-S-’mse Pmb\em So\woble bb the
Wbu)&.ie\(cdﬁovx Ps—inap\e:

STAGE | : chosse objed‘. | n choxces
STRGE 2: cheose o\,.)-ga 2 -1 choices
STRGE 3: choose obSecl 3 n-2 dhoias

®

[ ]
sthee k: choose object k n-(k-1) choices

: n!

Se P(n,k) = B (n-D-n-2Y (n-(k-1)) = (nk)!

The foctorcel. Zuncdion n! (s defimed Zor b noduh

rmbers nelN g

Ol=t ) M=y al=pq ) ales20 4l=vza

)
o




UNORDERED SELECT/ONS WiTHOUT REPETTroN

Problem : In hew many ways Coan o gubsel of k elements

be chosen from o sel of n elemends 2

Such selections ore callad. combinalions of k elemenis

chosen  frowm ", ond uwe demote their numher bey

702, e e
e T A T T —

"o cheese &

go-u cen alse Somelimes See an alkernadive notedion for

Wy .
(2)= c¢omp

Hows Mo, O *:\\QR,?

ANSWER :

Exoeen P)g_

The number of Ways of choosing & Subset of size & from $n8,c

<S

!
(n). h.
k)= k! (n-k)!

{
\

8 ¢ p3

("): 9 _ Y4-3-2-1 43
2 2ly! 2121 7 =

Theg o

tapl, 1Rl tApl) dpcl ) f8,0], T 0t




]
n

h .
&E(:sl#on There are (k) =(n-k').' k! Ways of C"\oos.'ns a
subsel of k elements fromm o set of k elemends |

PRooF

Reconsider Lhe problem of ckoos.'ns an ordered [is{ of k elements

withouk elidion gfb-rv\ n elements. Hoo, m such Irsis ot there 2
| B ¢ oy

'
O™

| n._
found. prewtously that the onswar is Plok)

@ However) b couwld solue the PmHem in & diffeen) |
‘:\_5 £°“M5 Qa 2"54'&32 Fracech-u-(

Way

@v Choose an wnordered. set of k elements frprm the

n elements. Howw Mony ways owe ther of doing dis @
n
This s the fuamber (k) Gt G secka‘n5 .I

| @ Order ’d.e Sei chosen w @ So -U-\cc)-
& list. This can be done in

P(k.k) z k. (k1) .2y 2 k’ ways

it becomes

So b& 'H'nc‘ n\«&i?\fcal-:en princeple the nuember of ordered [isis

of k elements chosen withowk rf.Pehon‘ b a sel of n elemends s

(2) k!

T,

C—Ompcu-cns lhe two solubions Zrom G) O.na"@ u. Yus howe

|
oot = () K




Exam t.‘fﬁ..

@ In how mony Wond Can & commiflee with 12 memben

chooss. o churremon, o treaswr and o sccnl-wag
order ! V/

Answec: A2>4M=x 4o

@ "ow ™oy uamsemenh ot theve of the wodd DISMQET?

order? /

Answer: FrlxSw{ix3 x| =_7_._'

@ How Mty 5’0‘.‘3:1‘. \l,elc’;hone. numbery have o KPQQ"‘QO‘OLS.!’.?

Ansamte: There o CI-lo" 5-0#5:'2 fhona numbers as rhcm( ramben
o rot slok wth a zem;
Phone naumbers have e;lher soi no KPco'J-eo( d.bi"'s or

J:k;.s have 21 n?ealed dabi":s.
9-9-8-1-G "\M no \-cpecxleo{ : d*s'?'s) So

910"~ 4-9-2-%-

oc—
v —

howe ot least one \-gfeod-eo‘. d“ﬁ"*’

9I1e




Ekom-.?\es (cont.)

(&) Heow many  poker hands 0u-< there 2

bldtr? X
f 52 52-51-50-Y9-4g
Ancaoar (5) = ?-‘q.qu

(5) Howw many whore all £t cords e of the same suit ?
Answer:  Thue one @ kan;ls ol hearts
There M Sl hords ol diamonds
There e ,22 hands all  clubs
Mot ane (5) hards alt gpocks.
By {ke addhion principle thae ave bhus

A 4-1-12-0-1g. 9
y. (?) =T 5 Y.3.%

©) How mony with 3 cods fom one SWk and koo cods fom arother? !

” 13
STAGE | : choose o swl and 3 ceds fom I (3) | seleclions

. "
STAGE 2: choosa cncthar Wl and 2 Caxds zmm d (z)g Sclec\l:ons,






