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S equences ( 28} é&i\%’r)

¢ deguanc® is on ordered. Ust of numbers.

EXOMPLE
a Seguance S is given by {for example

4,4,% 10,13 16,1 33, 35 ...

This seguance can be described as 5,51, 5,54, 5,27, S =0 ...

The s} lerm of a Seguance is Anoun as the initial dertn,
Gnd  wa .s«: that the g@*ﬁ@.m@ fzﬁ?m) Lthat is the n'Ih 'krm)

s Se.

In +he example obove the nitial term is s,z

and the general term is $,23n-3.

There ore thees wows w whith [J]  deserbes the sequanca 8

w  the eko.mp\e obove :

°*The segusnce s s defined by Sp*3n-2 ) nap2d,..

. 2

* The seguance 15,0 defined 3@3 the wla 3273n-2 , mz|

*> The Segume isni?,, defined bﬂ Sn=dn-2.

The Suymbol ‘o’ s rend (th'C\‘m’);a’.f and LS hot a number,
buk just o symbol meaning thal n can become os lcube

as Wt mv...) the Seguence s never-enouns.

@



Some examples of Seguances

Let o be the Seguance given by
Gy = n."+‘|,

Sor L\}_) Then a is ”ie ;hgimi'?ﬁzﬁ seguence

5 Aes 9 Y & i{. 9
,2!’ 3} ‘@pﬁ;)j@} 3.'; 5@) 96‘3 fgu;«..

Lel; b be e SQQuencc gu'ven 55
ba= nl41g
fovr Jénss. Then b s the finile Seguance

Z, 51 Ao/ 4?)26.



Some examples of Seguences

Let s be the Seguance given by

Sax (=N

for nzl., Then s s the infinile seguance

Let t be the seguance given by

t,.= n.')

[ nzl, TLen é 'S Lhe in-ﬁ'n-’&e Seguance

4, 2) 6, 2*11 lzo) %20, ...
because

D. = n-(h=1) (n-2)-- 533

Nove  0./:=1  Jlsy

8= 90129

KEEE S B A

4's ya.2.) = gy

5': 594.3-2-1 = 20
6!: ¢S5 Y-3-2.) = 720

{ )]
n!

. Fe R 9 . & . {
s read o5 n gc\de\-se.l,} tn Suasdish

A
2R La . ¢
n fehidkel



G Seguence 5 s En@m@zﬁsﬁ%(vax&nde) i

¢
3

EEN
LE4)

for all p.

%4
ey
-

Q Seguance § s decmxsms ( &v#&ﬁenﬂe) N

Sn 2 Spy, for o,u n.

E xam ELQ;_

;53 ? Sedlomes 438 5 , : = 9m K] ; Y XS
& w@;%%@:@ 255 3 oy @.‘;“ 2 9P i5 Incns a?f‘?é} .

becange

Szfgmag‘i%%ﬂ“%ﬂ ﬁ@ﬁ@rﬁmgrg@mg
Fﬁﬁ’?& %ﬁ & 2!?3 m@
se Sn # Sy, for 0l m2y

8¢

4, 2 3

tn*, f@f G" n2i

No'k) there are Seguances which are neilher Encmi’ns) nor olecrec\s.'rﬁ:
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iv-eo‘\in& new Seguences from old

S"‘PP“Q thatl we houx 'S Sesurice C¥
S1) 52y Sa, 5y, 5, -

Q.n eus wqt oe uga\-ins [N new segw.nce S Lo Ju.s'.‘; ":km Ouua.:
Some of 1the lerms in the seguance $, buk keep the order of
the terms. Such o ruw sequance is callid a subseglance (oi.eaf%'@i)

of S.

EXQMPLE

Su.ppose the seguance 18 5»‘ven 53

2

) for n2i:

Sacn
1,4, 4,25 3¢ 49, 44,

I0 e hroao Oanrtny odl the eodd !:e‘rms ‘wn this Seguance ,

3&% the subse guance

9,16, 3¢, ¢, doo, 44, ...

2
The S%ﬁf?wm@ is the Seguance i‘&ng,ﬂ:' where é,,’ (2n),

Mo eo«mu“‘a_:

Let §s,1 be a Seguence defined for n=m me) ) m+, ..,

kel n, ny,ny,.. be an increcsing seguence salishying Lhat

ol TN e '3 im)mﬂ,m-ez)...z.

a4

Then isnki is o Stubseguince of 25.,3’ \1-'-\‘2“5)...




a.no']’-\'\er w..'m.‘:,3 oe creqlms new segu.s.nces ‘Mn olJ 18 bb Oddo.ﬁs -U-,e

lerms ol +wo hnowsn seg usnces?

EXOMPLE
Let w be the seguence

2, 4 ¢, 8’ lo) L, ..

)

that is W,z for n=123 .

Let v be the seguence

I, 3, 5' ?) 9) M)

that s v, =2ln-| Lor ns 1,23, ...

We can define a seguence S 133 ,e”ins Sn= WtV -fo—r n:l,z,s,

Then s is the Seguance
241 y Yy N s )9*7 > 044 | R+l y e

thek s

9 oM IS, 19

, , , 1%)-..

)

which is the seguance $,:4n-) for nzl2;3,...
You cowld see this directly because

S0 Uptv, = 2n+(n-1) = Yn-].



You can alse creale o new segusnce by mulkiplying $we Rhown

seaw.mes “LErm \ab lerm:
EXAMPLE

Let w be the Segurnce

) ) ) s ) J)

thal is u,z2n for n2i.

Let v be the Seguance

I, 3 5') E

|
) |

)y -

that is  V,= n-) for n2i.

We define a Seguance P b_s le#ins Pn* W, -V, fof h:1,39,..

Then P is the Se?uence

214365 83 loq dM ) ..

thal s

2 42.) o 5‘, 9% ., 432

) ) ) T

)

How can we fird o formula for the general teem of Lhis Segaure ?

Well, pn=uaV, for n=1,2,3,... so

Pn UnVat (¥ (n-1) = fln‘~2n y for n2 ';

o formude W woud have Been #“:k oL'“fCu l{ lo guess i'p we had

net hnown how p wos created.



Recomive definikions of Sequences

Some Seguences axe easiest 1o deline Qs fida ) dhot s ) Wwe
giv-t '|:\~.e, segu.u\c.e 'bs 3"'-*"'-'\5 one (or more) in.'&.‘al 'Lerms
ond. O ~eouaeirce  lalk e giving the (ne))st derm n lerms

of Lhe previous terms hyhety ne?,y 2,

}

EXaMPLE
Let ihe Seguance s be given by 5,20 and

s'\'H = Sﬂ.+ n ‘EW n.=0? “2‘%) ® 00 -

Then
‘%3527:: o . %92‘. @ S:"" f ﬁé@. a’é %*;g"‘ % 55;; fi‘j@ bg = a% y »m e

We  samy that !a.nwi.ns S, Gnd the currence velokion Qiues
bs o woy of worhing ouk all lerms o the seguance.

HW) worhing Guk S5, Mmeans wovhing out all terms
sﬂq ) S‘Qq?) SQQ? Yy Ty Sz M& S, 2;& ) WH .Ls (- % LO£ oe
(Y



EXAMPLE
Let the seguance £ be given by el and £:1 and

@m\ = (nn) l-',, for n= LW,3, ...

hﬂfa@n

S e, o,
& # i
o (¥ s
i ¢ ]
= g ke
s

i
]
]
&
i
]
o

00 we Rnoas Hhis seguance ?

LY %
O i?m %:@j&l

Racall that 0/2 1 and I!= |  and n'=nin-ntnaye 2.2

s
X
Tda

(W) = (A4 AR ne) - 32 F = (net)+ n!

Conclusion
f.=n!

Se weulua\lﬁ coldd find @ formudo for O in lerms of n hee.




The Fibonace: Numbers

a by fc\mous Seguance is the FLibonacc: seguence . It /s

given by Fol wnd Bl
Fosy2Fo +Fo.y,  for n2g

=

Fo= 1

Fos Ryt R o= 1+1 =3

Fy= R+F = 24123

Fs= Ry+Fy = 3+2 =g

Fo= Fg+Fy 25+ =8
Fr=F+F<8:ts =13

Fg = B+ F =13+8 = 9

Fg = Fp+ F=2l+13 = 3y

e = Fq+ Fg=34s21 =55

It is vewy ditlicut to find a formula Llhal g'ves F, in

terms of n.




S*.H:na_S_
QL sbrins ower o set X is just @ Tinide sepuancg of
’HJ J ¢

clements from X.

o

t‘xamgle
a ‘pm% s\'v-ins is a s'l‘h:ns wath ngbols fromn the sel io,:i_

T

E'%' EO?O\O! s o Bv‘n% sh<ng.

The Jenct of o shing is ihe number of elements w .

E.g. l.ke B:ﬁw s‘ﬁ.ns looo le) hes lena‘uw +.

The shing wath no elements un it is hnown as the null ;%ci‘@;ﬁg

and & is dencled A

i 23 7
Gragh lelisr “lambda’,

I¢ o ond p ox SJ-n‘.nss) the corcalenalion of « ond A,

“p
is Jus4 the .s-|-n'.n5 Consis)ira of o follo wed 53 ﬁ

Exmg\e
The concedencdion of the binony shiings o= 10} ond p= oo
s the binos, shing

o(Pg <|°|2\°°“

Bt Fep |




Summation notation

We often have to write the sum of a finite sequence of numbers.

An example of this is the sum of the first 100, integers which can

Jrve

be written as: posr
1+2434+...4+100

or alternatively as:

In general we can represent the sum of the first n terms of a
sequence {u,} by:

n

> Up

r=1

Example Summation notation:

4
>Br—1)=24+5+8+11
r=1
This is an example of the sum of the sequence defined by

U, = 3r — 1, for 1<r<4

The values 1 and 4 are called the limits of the summation.




We can manipulate finite sums in'exactly the same way that we
can manipulate normal addition. In particular we have the
following formulae:

gj (ar i br) - rgn‘ Gr + rg:n br

r=n

anr--cha,~

r=n

Example If we have
Zur—-'? and Zvr——15

r=n

then:
§ (8vy — 2u,) = f; 8v, + § —u,

= SZvr——QZur
8><15 2>< 120——14—106

—




Before we con\»inue) let ws work ouk the sum

8

o™
-

oo
Let S: 2r 244243+ 4 +854--. 4 oo,
rs)
Then
S=1+2+3+ Y+ +47+49+9+i00
bt alse

S0+ +99eG+ -0 4 ¢ 43+ 2

adt\.ing dhase dwe qives -

28 = lotater 4 lotd ot 4 -0 Yo + log ¢ lop 4 o) = 100101
.
oo terms
looxloy - »
buk i 25= looxlol then S$= — 3 = 50%0.

SIF\;\% Wi Coun ?‘M

"

Z" . n;:m)

rs)




Example The sum

S Mntl)
r=1 2

This sum can be used to compute sums of finite sequences
{ar + 0},

where a and b are constants like for example

1000 1000 1000
Y (2r+1) = X (2r)+ 31

r=1

1000 1000
=2 r+ 31
r=1 r=]

_ 2. 100301001 41000

= 1000 - 1001 + 1000

= 1001000 4 1000

= 1002000.




Example The sum

i . n(n + 1)0
r=1 2

can also be used to compute sums of sequences
{or + 01,

where a and b are constants, but where the first term, Sm, is
not necessarily for m =1 like for ezample:

1000 1000 20
X @2r4+1) = Y(2r+1) - (2r+1)
r=21 r=1 r=1

20 20
= 100200025 r— 5 1

r=]1 r=]
— 1002000 — 20 - 21 — 20
= 1002000 — 420 — 20

= 1002000 — 440

= 1001560.




It is often possible to write the same sum in a number of different
ways.

Example Changing variables in a sum:

8 .
> (3r+2)=5+8+114144+17 + 20 + 23 + 26

r=1

9
> (35— 1) =5+8+11+ 14+ 17 + 20 + 23 + 26
§=2

To prove that these are equivalent we use thechcme of
e 57T+ &5 rss- !

variable given by s =r 4+ 1. #
First change the limits of the sum:

r=1=s=2
r=8=s=9
Then change the ‘body’ of the sum:
r+2=3(s—-1)+2=3s—1

Hence .

> (3r+2) = %(33-—1)

r=1 s=2

\




ExAMPLE

999

Cempuke Z(‘””z - 2"1
\ vy r=8

| Z(ﬂ-n‘
r2)

999
o S

r=s

i

i

h

lo00 999

Y
Z(“H)‘— Zrz + S:r"
r=) r=| r=t

loco loog 2 A
Zlrent= et kloop + 27
=1 rs

rs) i

I-1-1-] X 2 . A . .
Z((r-u)-rf‘) +1000 t 1 +243+Y
U=y

1[-1-1
S (Fearai-rt) 4 locoooe + [+44 3416

r=)

171

Z(&r +]1) + loooode

re)
jog 2 000 4+ tooe030

20020 30




Product Notelion

TP e howe o Fr-odud- of n numbers

Q‘.qz. q%... c‘h

we also houe o shorthand notalion for Uw,

nomely

EXAMPLE

0! =Tr =129.9.6¢3.9.9.0

&
F 3
Marey = 5% 3% ¢ 0 = 95.99-9]- 12

rs

)

(p‘_ .
The Ssm\ao\. (6“ k s & c;o.\:l\mk %ﬂx\a \@\A&(



Product notalion sokislies the rule

() 1) on
] | rz)

r24

4]

L
BUT NoTE CAREFULLY THAT T!Rho.,) + hTa,
o | ra)

n n D
cﬁ—(h’dr ) = E(FQF
r= sy

‘ xomgle
10 (-3 ‘o i e o
TR -Ta™ = T -F@a) =T =T = |
r=y r=y =y rs L&)
£y » s $
C?T(zr) =3 Tr = 82:1-2:3.4-S = 33. 120

r=\ r=)




Integers and Divisibility

There are two main reasons why any computer scientist needs
to study this subject:

e The binary, octal and hexadecimal number systems are used
frequently in computing.

e Some important data security algorithms have their roots in
the theory of primes and factorisation.

Our main theorem is The Division Algorithm:

For all integers a and positive integers b, there exist unique inte-

ers g and r such that .
s (@0 s v e b))

a=gb+r where 0 <r <b.

Example

ey

100 = 8 12 + 4

{ b
33=3-1140
] b
27=3-8-+9
il s 2

Careful with negative numbers though.:

—100 = (—9) - 12 48




Number Systems

p— e

Place Value

When we write a number we do so as a sequence of digits.

In the number 1231051 the digit 1 occurs 3 times. On each oc-

curence it has a different value because it is in a different place.

Assume that we are in our normal base 10 number system, then
as we move to the left each place has 10 times the value of the
previous place. We think of the above number as

1231051 = 1x 10°+2 x 10° + 3 x 10* + 1 x 10°
+0 % 10* 4+ 5 x 10" 41 x 10°.

The main consequence of the fact that the remainder on divi-
sion by a positive integer is unique assures us that this positional
system is well-defined.

Consider the numb'er

329 =3 x 10* + 2 x 10" + 9 x 10°

=

There is no other way to write this number in our system because
the remainder on division by 10 is unique.

320100 = 3 remainder 29, so write 3 in position 102
29+10 = 2 remainder 9, so write 2 in position 10"
9+10° = 9 remainder 0, so write 9 in position 10°

Note that we had no choice at any stage as to what to write where.




Other bases
In base 8 each place would have value 8 times the previous place.

Hence in base 8 we would have

1231.051 = 1x8%°+2x87+3x 8! +1x8°+0x 8 +-5x 87241 x 873,

When we write a number we normally work in base 10. If we are
in a different base then we normally write the base as a subscript
on the right hand side of the number.

We would write 1231.0513 to signify that we are in base 8.

In base 2 each place would have value 2 times the previous place.
He(nce in base 2 we would have

10101, = l><24+0><23+1><22+0><21+‘1m 2% = 1610+419+119 = 211,



Suppose that b is some positive integer greater than 1. In base b
the number zyz, means z x b% + y X bl 4 2 x 8. Hence

ryz+b = zy remainder z
TP +b = 1 remainder y
y+b = 0 remainder

‘So just as in base 10, to represent an integer in base b we need
to know the remainders on succesive divisions by b. The division
algorithm can be used to calculate these integers.

Example Convert 3159;¢ into base 8.

Solution: We need to calculate the remainders on successive di-
wston by 8. '

315910 + 8 = 394y remainder 7
39410+8 = 49y remainder 2
49;0+8 = 6y remainder 1
6108 = 0 remainder 6

Hence we have that 3159,y = 61275.
Note: In base b, dividing by b, r ¢ Z, can be thought of as

moving the point r places to the left if » > O and r places to the
right if r < 0.

g XME§€

i



Example Convert 56y into binary (base 2).

Solution: We need to calculate the remainders on successive di-
vision by 2.

' 9610 +2 = 28y remainder O
2810 +2 = 14y remainder 0
1410 +2 = Ty remainder ()

To+2 = 35 remainder 1
3i0+2 = 1jp remainder 1
lp+2 = 0 remainder 1

Hence we have that 5615 = 111000,.



A Shortcut

If we have a number in binary representation and want to convert
into hexadecimal (base 16), then we have to succesively divide by
16. Since 16 = 2* we can achieve this by shifting the ‘binary’
point 4 places to the left each time we divide. |

Example
Convert the binary integer 1011010100 into base 16.

Solution: We group the digits into sets of 4 and convert each set
of 4 into a hexadeciamal digit.

This method will work for converting between bases a and b where
b is a power of a. We can of course reverse the method to convert
from base b to base a, e.g. from base 16 to base 2 say.






