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INTEGERS AND DiViSiBiL,TY

Deecni‘\’on
——r (ko) (ddow)
O~ ‘.rd:,eaer b is said Lo be a Zrclor ow dovicor of on u‘mleser a

.

gm— some ngir S.

o= bs

: (delbest)
We wride é%@- and ' soy that a is divisible bsb or thet

o is a mxﬁ;&,s?%@, of b.
(Kmu\&%feﬂ

Sienilowy M ke b%’& f a is not divisible ‘?5 b.

Coahdorisering )
I(! L’a) H:e ex‘:mss»‘on o= bs 1S Ca”ed [+ gﬁt@%‘@%ﬁ@.@f@ﬂ O-e- Q.

EXAMPLE

42 hos the faclors i'l)'fl tq *y 36)1’12.

For example 5?532;.
i

ond we thus howe the faclorisadion

¥ % not ¢ divisor of |2) SO we umlze zf'-’%' .



The infegers | and -] are speciol because thay oxre o
foaclor of every :n¥e5er.

(enheler) |
| and -l owe hnown as the units in the set of inkegers 2

Every inleger o has the faclorisolions
as G- | ond o= (~a) ("),

so o has the eyl factors &,-q)\ ond -1.

| ; (ahie dadose)
Q. decnr oe G other H\m G.,-&,l ond.~| s COJlEO( G ?m;&:@r ﬁ&iiw

Definition

Gn ih)rerae.r o which hoas o proper cﬁd-o-r is collad
Oo. &@mﬁm&'%@, 2@%@@5‘.

%(ﬁ%&mm&h salt Lal)

EXAMPLE

12 is a Composi);e inkse.r' because for examp\e
12=2-6
$o 2 and G o pro per factors of 12.

=~ ond | ose mnot cvaosﬂ:e Inksets becoumse Huﬂ ore
onhy divisible by =\ and +l.

O is a composite inleger because for example 0=2-0

so 2 is a prper feclor of O.

(%s)



EXBMALE Ccont.)

The proper foclors of 20 ose 12) 19,35 and lo.

? has no proper foctors as ¥ s only divisible "3 2 and ¥ 7.

Definikion
oun \‘r\\-e%er P that has no /zmper f&c"-ors ond is not a (PP

is called a prime Puarnb &,

EXGMPLE

1 is o prime number becouse & has no proper {eclors

and it is not one of lhe dwo wnils | and -]

Note Hhat prome nwmnbers can be nesala've as well as

posshve :

EXAMPLE

~3 is a prime becomse it has no proper foclors

and it is rol one of the two units | and -l

“| ond | owe not primes becamse -I'he3 Gre units.



Some dfv.‘sibi’iés raas.

Let o b and ¢ be inlegers.

) ¥ e|a and c|b  then c‘(uh) and c¢|(a-b).
@ I¢ ¢l and alb then cfb.

Go I¢ c|a  then c,ho. for oll inlegers k

wy If cla ond c,k then cl(qx*bs) for ol 'mksers X and y.

EXxanpLE

@) 2|0 ond 2fy se 2[16 aad 28 and 2{CD

by divishility ruda (O
() 3} 13 and mg% 50 35’% ?1333 dovisbility rda (40)

(TR Sl!o 8o 5/20) slso) 5,%) s]so)...

slo) Sl(-ic), S!(-ze), 5,(—30\,...

by divisibilidy wade 0

vy 3.6 25 e «-}% ~2)  Se 3? (bx- 35;} Cor i f*i@fi% % w‘,gﬁ&
" ‘ Wi o
!’:D‘H A i;atzai}:‘b waata Loy,
4 ;



a prime rumber test

Given Oruy namber | for exomple 137, How do we find out

whathee & s o prime or o com‘:osﬂ:e nurber

So\hkion '1

Ty ol possible faclers £ 136 thet is hy

$,3,4,5,6,%, ...

U |

ﬁ%@%mﬁ—. on L

=, ol LA w2 o Liage . R & 3 44, -
Pva DT AR gbvg‘aaa.-ﬁ%., prmEs 2194 ; Lhed iz ,;1%

9 a £ Z 1 1m Im 1g 3%
00T i.% .3% s 31};2.3}

Solukion 3 [ Primalily Test]

Let n22 be an integer,
IF n has no factor h where [<k<Vn

THEN n 1S & prme ruamber.

VisT = Il #o4cad...

So we onky need to chech Whether
2,3,6,3 and I

divides 137, T8 not, 137 is prime.

yfny par 54w Yy it s I8




Uiag?@lg- Rombi ne&,i@m)

Li negr Com\h‘nqls‘ons

I m ond n owe in\-ﬁsers we coll ol integers wn the form

- 4
T AL

whare § ond € owre also in‘-z&ers) o. lingsr combinabion of m amd n

EXaMPLE
Llet m:=85 oand n=3 then the ﬁo\\ms nambers ore all

Uneor combinadions of m and n.

5 is a linesr combinetion of m ond n:

5= 1-6+0-3,

AN

te. we let 824 and 130,

3 05 o lineewr combirokion of m and n:

A\

%z 0-5+4-3
ve. we Wk $30 ond L3,

4 is o &A'ﬂew Comh%nc&n‘on & ms:S M& ncd:
A= 35 + (-3)-3

Ce. welek 522 and 223

o Is thaet any in‘eser ‘a., whach is MOT o linecr combination

of n:5 and mz3 ¢ No!
k= (2R)S + (-2R)'3

. Vo%e) the lineer combimakions in the ohove example o NoOT

wnigha €oc exm?\e:

3= 65+ (-9)-3
®



O. theorews obouk lineor combinations

Theorem B3ID in studi ouide

Llet m and n be inkse,\’s)

and leb 4 be an integer which is o factor of both m and n

thek is
: dlm and dln.

THEN

d dividas o lineowr combinakion of m and n-)

ok is
&| Csmetn)

for ok Poss-'\a\e. choices of inksevs s and 1.

Delinkion
G"“; §n\~e5er d Wwhich i o focder of both m andn
‘s hnown 65 & Common diviser of m and n.

\
(semensom dadem Y

)



Greatest Common Divisors

Definition
Let m and n be inkegers, not both 2ero, and kt s be a
POSi‘:I'VE. :‘nk&ex which SwL-'sB;es 'U’R -co“ow-\.f\ﬁ two PmPe,rLies.

() s’m ~ond Slh

) Whenever an inkeger d is Sach thot dlm and din
then dls.

Then s s the Sme&asé commeon diviser of m and n.

We waide
$= ged (m n).
Tn ROV, 3

$= s&& imm@.

EXaMPLE

ged (12,32) s Y becouuse
o Y s Posi)-’vt
W 4[1 ond 4[s2.
@) 12 bos faclors *1,%2,13,24 3¢ T,
92 hes foclory *1 %2 tY 18 3¢ 132
so the common diuisors of |1 ond 32 ot

i\,tz,t‘l

TL is eosy to check thok ok of thuse duvide Y.




Mo Theorem 06.9.Y

Let m omd n be two integers, not both zero.

Then the 5&-&0\\&5‘: common divisor of m and n exists
and

thare oue Inksus s and L such that
gcdk (mn) sm+tn.

EXQMPLE

We found okove Lhok ged. (32,41)3‘1.

Pt s=2 oand t2~5 | then
Y= 3-32 + (’5)'!'2)
so Y ijs indeed o lineos combinakion of 32 and 12

as Theoween BAY Pv-edu‘lc}_s.



Co-m\\ours Q.s.s
Let m and n be inlegers, not both zero,

and let q= sc&(r“,rﬂ.

Then those integers which can be waillen as a Lnear combination
of m and n »
O e&m‘-\a tha soeme os those .‘nl«sm which oue mu&,’.fa\es

of 5;6 (mm,n).

EXOMPLE

We fownd thok qed (12,32) = 9, s0 the set
L= §siasida | s te 23

and th t
© % M=i‘ih’ ke 2}

Gt exac“:, '”te Seume .



Prol of corollory B34

Let L= {sm+tn I st e}
and M= k- Scd(m.n), he 23.

We wmust pro-t Mz=L. We do this L_\, sho«»&nj thet
MSL ond LEM.

MeL Toka ony clement xeM. Then x=hg whie g=ged (mn).

Bub Main Thm. €Y says there exist st €& such that

9= S +in
Then _§=}13 S k(sm-(»fkh) = (hs)m-t (hk\&,
s6 X is a Uneor combimckion of m and n.

So xekl.

Lehm Toha Gy element 364,} then

0= Sratin

-9

¢

for somme g Le .

ond 35 there e 53@373@%@% a and b Sueh thed

T aa  antd nzba
L=t L
7?’,5?:*\
= smabtn z S0g 4+ '“M@ = {sa+il)a
- ~ ~ =

oo,

-

e



So one big gueslion Hmains:

How do we find the Scd of

ANSWER : Euclid's Q.\gor&\\m

Ltwo integers t

slet o and b be two Pos.‘{ive imlejers‘ We wank 1o compude ged (a,b).

e Toee: Use the Division Theorem on Successive remoinders :

() C@Eg" +h  where O£ £b-]
@ birgtn whee 0f6Gir-
- whexs e -
@ MRS TR 0% ren)
@ l"z-f3$q‘kr.| M\m 0¢ ﬂ, -rs"
° f 7o Yraaa Mx&a T S s, ii}ff' % 2.
;ﬁﬁéwﬁ T = 4
]
@ - 3= r!\-t an B r“’\
@ Tner” Ty Qn * ra where Ta= 0

Ldivide o

2y L te 3@5; BN
Ldaade b %“35 7 bo aek mmoinder
{ davide " %333 r, b 3@;.3- rarmmavehe  Th
{.i'f}&:“m:?ﬁ% o ‘mjé z“% ae
mﬁm&&m‘;\wf’ e ;j

Qnd "\';'.)"\"i,r-s)'u-)

. *F0,

¢ 3co\ (es\\ﬂ = “n., ) 'l:\'\a!c i3 ﬂ\e las{: non-zero Mmaindar.

Note : The alsor\"u\m works becouse i a>b  and 95;!33*,:

then SCA (Ql\o\ = scd (b!r).

m;% e ¥ }

)

)

L



EXxameLE
Find - the Srea{esl: common divisor of 32 and 42:

3= 42()+ 8
12: 8(nN *+ Y4
8= 4Y( +o0

Se the last non-ieve mainder ?Slq, hence Agcol (32,42) o A

Find  the grealest commen diviser of 24906 and 65Y:

2906 = 654 (3) + Y4y

654 = Y44 (1) + 210
Y = uo () + 24
o = 24 (9) + 19
=48 (D + b
18 = 6 (» +o
So v@;g(zscoc,csv) 2 6. (the last non-zero wmainder)




EXAMPLE
Find  ged (90,3Y)

90 = 24 (3) + 48
29 =48 (N +g
g€ =60 +~o0

So scoL (QO, )= 6,

We soms eardier (in Masn, Theorem -33.;‘!) thot beconse
&= 5&& (QO'?-"I)
then G com be wwllen 65 o ULneor combinakion of 90 and 2Y.

How do wt find this lineor cambéna&ien?

ANSWER: Woet bechwords Whouah Gudid's olsprithm:

gcd (q0,24)= 6

48=6(M+0

FAENTO I N 2 b=24+18()
90=24(3)+18 = 18 =90+ 24(-3)

24+ (90 +29(-3)) (-1)
24 (4) + 90(~1).

Se b= ged (90,24) = 2Y+18(-)

]




EXAMPLE
Find aqed (5‘1,33) and express & os a lineor combination of 5Y and 33.

59 = (1) + w0 = S4-830)
s U0 + 42 S psw-q@
. W3
g = 12() + 9 = 9= 2~ ()
no= 90 (3] = 3:4-90)

9 = 3(» + o
So g@,@i (84,23) =3

Wosking bechwends th Mslr\ lhe w\am—i}&\m step by step ux SQ-!-, ;

qed(54,33) = 3= f2-9  (\,

b
i

®

1]

_‘& - [i! ‘E] “{a?.‘ﬁ Sa&ty%ﬁ@ﬁ:zﬂg E R §

1) +2 ¢ (s

L]

[33- 23 Q)+ U (1) Ly swdeakibabing wax)

]

3_‘5 (2)+ é_l 2 esVleck a5 he Lasms)

U]

3 + [54-331 (3) (sudshibudang waws)
= 33(s) + 5Y(-3).

So oed (5Y,33) = 5Y(-3) + 33(5)




EXQMPLE
@) Con 2 be wellen as o Lineor combinalion of 957 and y2¢ ?

(b) Wrilte %0 os & Ulinear combinakion of 957 and Y26.

@ We find gcd (95?, 426 ) 135 Eacled ' Qljorﬂ-km:

95F= 926 (2) + 40§ = 5= 953 4124 (-2)

; e g aay B
= b= Y34 <+ 1o8{-)

Y36 = dos (4) + &
dos= 60 +[3) v 3= lese iy

6 3(2) + o

So acd (953,926)23
Senea 3%2, we thus hnow 53 le!% B35 Zhal 2 comnod
be wiillen a5 & lLineor Combinokion og G83 ond Y26,

() Sce\ (Qs*&, Y2() = 3 2 Jos4 6 (1)

A los + 924+ los/(-q)} -1
> o5 (69) + Y26 (=17)

= [453 4924 (20 ] (€9) + Y26 (~13)

&

953 (69) + Y26 (-155)

953 (¢9) + Y26 (-is5)

Se 5co\(ﬁ5?,‘lzé)= 3

Now %0 = {03 so 20 conm be M-vf.uen ag 4 Llﬂec«r cornb inedkion

o 953 aad Y26:

_30 = 40-3= 4o~ [a53 (69) + 426 (- 155)]

= 953 (690) + 926 (-!S50)




EXAMPLE

Lek us find ged (85 1) :
-2
35 = 42(2) + 1) =D |12 3§412(-2)

s M+l = i=12en®

M= 1()+0

So gcd (12,35) = [,

This means thot | can be waillen as a lLnecsr combinakion of 3§ and

Ay
1€ 19-m

®® - [as+nn D))

= 42(%) + 3s5(~)

%o 1z (D38 + (N

By Gorollowry 83.5 evtry infeger con '”\MS be willen as o
Lneor combinckion of 35 and I2:

=h- (-R)3s + (3R)12

: Crelodivi Fu&ma)
Urhen 5cdu(mln\=4 W Sa thal m and n oxe m\mﬁ.s‘@.@}% pime

When m ond n are rlokively prime their only common fLoclors awe
the units 4 and 4. |
THEOREM B3

‘Lciw.l: m ond n be non-tero intenen. Then

m and n e hokivty, prime il and oy i

hire enist .u\kesirf; s ch& L such thak A=sm+tn,




Prime, faclerisalion

Puimes hawe o ey '\mFerte-ni ?“’l’e')ﬁ; thal we shall nowo

prove :

Theorem B3.8

Let m ond n be hoe non-zero a‘niebers and Lt P be a
prme such thot
' plrn-

Then r'm o Pln (or both).

@X@M PLE

Leb Q.:»ii/} ther, there ost lois of ‘*%‘"i%‘aﬂgwi sns of 29

ke ”!'m:*.‘,;’: E%&%%@T‘E :

242 () ()

4 = (-1 (=29)
3% = (20) (i

24 = (~2) -1}

24 = (37 (%)

29 = (4) (&)
29 = (~4) {~£)

39 = (L) 19

9 s (L))

The only primes d'v\dams 99 e 2 onol"'3 Theorem B3.8 Souys that
one of thase ¥ pimes dividu one of the factors in any of +the
ooue 'ec\dvris&bns 02 SA N



Tl’teore ™ Ei?

Let p be a prme such thak P,m.n.. Then p’m or f'" Cor bot})

PRoof

Suﬂaose u\eﬁ: len.
If le he resuwk is obuloans,

If phm | we must show thek pln.
Censider aed.(m p).
The divisors of p oue just 4,4 p and -p,
and ptm | so Lhis means ged (m p)=d4.

Bl‘) Theorem Q“/ we then hnew Lthere exisit

inksers s and t such thet
A= ms «pt

M?“.& this egm¥€en b.‘) n on both Sides o se'&.

n=(ms*F‘c) n
= mns + Pin

= (mn)s + plin) ®
Since ‘nlnm and F,F) PIRHS oe@)
thaas F! LHS of »* , thet s F\n,

So if P}m then Pln. [



Theorem 83.9 con be used o provt o very important theoreme

(M%mhms gmé&m&m@a\g&iﬁ)
The, FMAMGV\‘LOJL Tkeoq.gm oe O.ru},‘\me{_,c_

€ory integer (except 0) can be wrillen as o product

of precissly one wnik and o finte rumber of gpsi&'ve

P\-:mes.

More is drue: This facdorisalion s Wigis a.pwi from the
ordar W which the faclors occunr

EXOMPLE

19= 4-2:2-%

$

nk
Thot the faclorisokion is wnigue G Lo lhe order of dhe
loclore meons thok olh the foclorisalions of 42 indo one wmid

and Pos.‘!:ive premes
2= 4-2-3-3 = 43-2-2 = 4-22:3 =3-2-1-2 = 31-2:2 = 3-2:2:1

are gmdmenkdlﬁ the same -H-ne‘\s onky differ n the order
of dhe Laclors.

EXANPLE

wnit




More about linear combinalions

In an eadier lechure we sow thak the sel of Linear combinglions

of oo non-zero integers m and n s precisels the sel of ol
mw\k:e\es of qs sco\(m‘nl

This means that i’w ary, .'mleser o wt have that

if ged (m n) 4}'& then o connot be wrillen as a

Ltheour cem\)iha¥ion o? m and n.

i€ aed (min) la then a can be wmllen a5 a linear

C@m‘aim%‘&h @f ™ &nd " Aas {’}mg%z@m

g‘x}"-iri‘; %E.hi‘;} .i‘l %f@ &X@x@w:}%xm %:,@ i}; f’ﬁl 4%5: %i@g {Wﬂﬂﬁ?
L)

Woke bechwsrls i  Gacid’s @i@ﬁﬁam Ly find

inlesgres 3 and = Such i}f’smﬁ:

%s S N

o ) )
©  Dide o by g o L TN %u;‘};ﬂ;’%ﬁ_ h such thed

D)

B u’ i 7 a‘ N P
L7 Lombiz ingy
I 5
a.= CEN 3’, {iaﬁ’%“};?z .
oy
A
S

. RN \
O, H‘i_?’a. Y b 53?,@‘ ™.



EXAMPLE

gciUO) 25) =5 | so e.g. 885 can be usilen as a Lnear combination
of 10 and 25 while egq. 88Y cannod .

@® we fat show ged. (1028126 :
25 = lo () +[5]

102 SQRI+0
So last non-2ero mmonnder is 5=5;d(lo,zs).
(D Woting bachwons n fuclid's Qgonthm we find

S= 425 + (-2)-4o

(® Dutding 85 by 5 wa bind
885= 5+113

® Cbm\:\'runs@ and @  we bivd
885= 5137 = (1-25+(¢-D40)- 437 = 137-28 + (-35Y)-4o

c——

885 = 433235 + (-354)= lo

is & Unear combination of 25 and A0

Onre gueshion remaing ¢ Ts this lhe only way of witing 84S

as & lineor combination of 15 and 02



The answer o this question is clearly ‘vo’ as  for example
0= (-10)-25 + (25)-lo,
so oadding s 1o

885= 133 -25 + (IV)- 10

gives
0+885 = (=10)°25 + (23)-10 + 137-25 + (:38Y) lo

whith con be  wlen as

98S = 46335 + (=329) - Io

In fact dhare ome incin{{e% mony solukions becomse
0 = (-lok)-25 + (25k)-lo

gm’ S he Z





