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CONGRUENCES

Definition

Let n be a Posilive l‘n!eser.

Twe in#esers a and b are said {o be congruent moduls n
- Men -
GEb (mod n)

i€ n‘ca-\:).

EXAWPLE

10515 (mod3) because 40-43%-3 ond 3}<~3)

n

20 252 (med2) becomse 20-52%-3% ond 2‘(-32)

3121 (mod?2) becamse 331 =36  and 9.,36

Thew owt Sevaral other wouys of expressing thet o and b

are Corgruent modulo = :

)



Theorem [a3b(modw) )

Twe inlegers o« ond b ox congruenl modulo n if and only ¥
) nl (a-%) | Cthis is the orginsd delinition)

&) oo and b qive lhe some wmainder on division 63 n

@) there s an in’reser h ;uck thot a=btkn

) a-b =20 (modn).

) a-b= hn gor Some in',»eser k.

EXAMPLE

33 is congruent to 25 modulo 2
33 £ 25 (mod 2).
becarse 2‘(3?-25) .
Buk olso
(> 37 gives rmainder | on division by 2
25 gives wemoinder | on division by 2
) 33-35 =12=6-2

(@) 31 =225+46-2

Gv) 331-25242 oand 4220 (mod ) becomse 2| (12-0).



The Diossion Ohgorithm

Given oy rmambher o and o pos:ﬁive aumbher n, then there
exist unigue inksers h and r Such thal

0= hner oand OSfr $n-l.

Fo'r consmences 'u'\,.s means

[ Theorem  Let o be any inteser,

There is & wnigus inleger r in the seb £0,1,2,...,n~11 such

thed

G r (mod n)

Exam®eLE

Let n=§5.

13 5 2 (med §) becouse 13-2 s deucsible by §.

1340 (mod§)
1331 (wmods)
1+ 33 (mods)
1T 34 (meds)




Examg\e
Let us delermine the set of -‘nksers which are consmeni to
0,1,2,% ov 4 (mod §)

The sel of ih%aers CQngmeni tc O medulo § i <'°=
1. )1,"10, 76,0, €, lo, 15, .. Yo ix| x=62,2¢ rg
The set of inlesers o Such bhat a3 | (meds) s &,=

2 £ 3 & ,? | FAY
O IR NP IR T S B3 P SPY

@&B
M
Qomssd

The set of inkgers a sucth that a £ 2 (modS) s dz’
i--.,"”bfs, ~3, 2, 7-) 12,13, - L ixl x=$z+2)ae2j,

The seb of imlmen o suth dued az 3(mod$) 5 Gyt

by oiy-3 -2, %) 5,08, 18, B dx ] xe82ed 2 73

ﬁaﬁ

3,

m

The seb of m@@@em o such that aF Y4 (mod 5) is d?:
IR ISR AL LA P §x| x=8e+¥, ze '}

Definition
The set of olk in‘oeﬁevs o such thal af h (modn) s hnown as
'L\'\Q @@nﬁm;ﬁng@, Qﬁ&%., roadasis n m%é-\m W?}“%iﬁ“’i%%\%i N, % Gnd (IVE 3

Lo te i%x for Bnis Set on J'us*: b1 i it is clear Lrom
e comlext whal w is.

Note in the above example Gy [31g= [8],=[n)o~[-2);=




Result

Congruencte modu\e n, where n is a Pos{{»‘ve ihleser) Poq--L.‘i.‘a.-,g

the in¥e5ers infe n disjoin% seks :
Let ¢ tx€Z | xz 0 (medn) =01,

Coz $xe?Z | x21 (modnd)d =011,

d1= {Xe? Xs2 (modh)i = Ez]n

C:.\-,=ix62' ’ X £ n-| (modn33 = [n-1,

Then G0 Gu-=vG,=Z and G068 when it).

EXOMPLE
Let n:=9.

Qo= 1. )"9-6-3,0,3,6,9, ...} = [0,

PN T

C:‘ = 3. ,78,75,72 1,4, 310, } = 1),

¢ - i...)-a’-q’~l, 2,8 8N, ... Y= [,

Note that if x€ G and Y€ C.‘; then X2y (med 3),

Buk i x€G; and ye qj where LU’ then x¥5 (med 3).




We souw thet there axe Prec.’sel:, 3 congruence classes (mod 3)
ond precisely 5 congruence classes (mod S).

'55 the ok on F;&Q @ lhere oue Senemllﬂ n Congruerce

dosses (mod n) ) na.mg\:’

[}, [1,, [2),,.., [nil,.

Buk note that we m»‘ﬁhl' hawe dhosen oy element of each class
o "‘P“se“‘\f“*?v{ of the doss rekhue than ;Hne Rpﬂsen\-o.}.:ue

beluean O ond n-l.

[O]": [h]h H [.h]n s [1,‘]" - [-zn]n 8o
[']n = [nﬂ}h=[|-n}“= [zn«u]“: [l--z“]h:...
| [7-]“ =z [h*‘l]“ z [‘l-h},ﬁ [2n+2), = [2-2n),.2

[""]h: [2.1\-4]“ z [*l]nz [‘3,,_[]“: [-h-t]n:...

‘“owew, it is usuel o wse the rumbers 0,l)..;n-1 as class

pr.s‘en'\'o\\-i ves whenever Poss:)o\e.




Delintion

let Z. be the set of congruence classes modwlo n:

2,: i3, [0, [2],,..., [, 1.

helialen Cmod no
We ccl &, the el of mi!@_ﬁ@rs medule n,

w

When it is clear frotn the contesxt uwhich "modulo n e ‘meon

wa Shall Usuolly Just  wte

2, 3le}, [1,021, . (n-d,

We can deline an oddilion D ond o mnl!arp\icod-.fon O for

conawce classes .S co“owS‘-
adeition of orldmevy ;wkaers.

1@ [4) := [xfy]
[x} & [y :- [3%5'.\

ORIy m@k\‘?\%&@;%

ExaneLE
Zy= { [o) , 03, [2]]  whee eq [1): &..,°5,-2,149 3.3

AT AEEER R

We con Compute the addition loble and Wp\icc\hon
lok\e '(,br ?3’

@ | o) [ [2] O |l [T (]
[o]| Lo} £} L2 (] | [ [0 [0}
D3| 00 01 fo) (1] T3 [0 fa]
[ [ L& 1) 3| [S] [ [0




Resulk [Rules of asithmelic in W)

The set of in*‘-esers modudo n kje}her buu!h fiS Gdou-l-.’on @ cnd.

M:P\ic&im ©®© sokisbies the fo“o*m'.n\s rdes of olhmelic:

1. For ok [x),[4) € Zn we hoae
[x} 8Ty) €2, and [x] OLly) € Z,.

2. For oll (3,041, L33 € @n ot houe
Dde(lyerl) = ([elyl) ® ] and
Yo (tyyolz1) = (oly)) @l]

3. The element [0 € 2, s such that
[x} ®[o) =[o] ® [x] = [x)

The element [13 € 2, s such that [1]*[o]

Yoy = [1]Jolx) = [x)
fov ol) [x)€ 2,.

Y. For ol [x1€2, ihere is an element [-x] € 2, such thet
DYI®-x) = [~x) @ [x] = [o].

S. For aoll [x'),[33€z..\ we have
[x) @Ly3 = [y) ©[x] gnek
[x] ®©Ly) * [3] © [x].

6. For all [3,[y), [2) €2, e hont thak

Yo (tyelrz1) = (B3efyl)® (5] 0lz1)




In shert © oll the wswal rdes of asilhmelic for inteqers alse

worh n &4, -~ QXCEPi one :

For the Otdinaaﬁ n‘nlesens we houe the eollms rals

ingeh om holldelore

which is hnown os the Zero- divsor logs, Tt Says :

| For all inlegers % sndy, i ¥yr 0 dhen x50 or w0 (orbeth))]

ExpMPLE

\Aow\ house used the zers-duvisor o> oflen when SO-lm‘,ha
eguodions :

(x+) (x+4) =0 D G20 or (X44)270 D x2-2 or x2-y
/
here taBas.
el the Bere-d iviser loue,

EXQMPLE
The zer-divisor lowo does not hold n Z‘:

2, = ¢ [o)g [, L3, [3), y (43¢, L83 §.

[Y) 0 [3], = [12], = [o],
Soe w 2, [4le[3) = [0}

while bLoth - [¥3¥[e) _, [3] = [o)




E£xamPLE

The zero-divisor lows does not hold o ?q)

for e.q.

[y ©L2), = [9], =Lo],.

There owe n dor which the zero-divisor low dees heold in a2, -lhou&\ni

EXAMPLE

The 2ero-divisor loaws holds inm Zz becamse when cons.‘olen‘n_s

the ruadkiplication table bor 23 we find that n 2,

[2), 0 [\) = [o) only when [al,= Lol
or [b],=[e]

O |l [ )
[o] |1 tol fe}
03]E) 0) B
[ &) ) )

nemm

Let n22 be an inteqer.

The zero-divisor loww holds in Zn il and only i nois a prme.




F& s-hmi‘.mingﬁ weeln
Theorem (ﬁmc@“m‘i‘@n radg Lo .Z& u-here P prime)

I?P it a posilive prme and [636?,, where [a]* (0]
then

it [alOK) = L.A]OES] for some [XJ, [3] GZf

then [x] = Eg]

EXOMPLE

In 2, it ep = [2)efy),  then [x3,=0yl,.

WORNING

The Cc..nce“a#fon rde does MOT hold w &n if nis
o Compos;'\'.e Posil:‘ve :’nksex) e.s. w z/‘ wa hows
(2] o[3] = [¢] = [o],

and [21 0[0), = [0],

(2] 03], = [2], - [o],

buk [33,% [o],.



So‘o-s‘.na egqualions

ExAnrPLt
Howo do we solue an eguckion (N e.q.

3X= ]2

wn the ordinemy ok rumbers ’R.Z

A solukion:
A= 1?

Mew, tn the wal numbers IR Ehere is the humber ';;j . We

“"“”‘“P\‘_’) "'M e?uml-,bn #‘l%’\ Ls ’uh's ramber :

:1;'3X = 3"2
\ 4

(33)x

1]
L

The number ?f.; is hnown as the rmudtiplicalive inverse of 3

In the same woy wt define:

[ml€ . is colld o m».\)zs‘a‘asmkve imverse of [x3e, {
[x}olw] = [ml 603 =07 .

EXoMPLE
L2); is the madkiplicokive inverse of [3]; ‘. Zy beccuse

[, © [33, =[] = 0],



NO'L wnﬁe\emen'l: w Zh has o mu.\*.i,a’fco.b've inverse

EXAmMPLE

[ 2]6 hos no mubiplicakive inverse ‘nn 9.
To saa &&s'hok that [IJ‘ does noi appear v the roa
O [23‘ w tha nw.li.irlica“on doble {ov Z‘-'

ot} L) L) 0, G,
i) 1 [ L] L] L
OyC) [ G1 D) [a (6]
LI L) L) L4 [ L] [
DY [ [ [l o) [s)
(] [4 0l Gl [ [

Y [0 [0 [ [ 0]

Nole thed IS]Q has @ m»ﬁ.if\s‘cai.ive ThsLse W 2/‘:

[, © s <01,
v

so [E)  is its own inverse.

"~ Theovem

Let n22 be o positive integer, and let [x] € ?,.. be such thet [x]#[0],
Then [x), has a thiP\ico;Hve inverse v 2, if and o-nb_.s\'@

acd (xn) =1, Fusther, 8 dhe muldiplicelive mverse exisls, s wnigle,

ExampLE
The elements in 2, which hous mulkiplicakive inverses ar [’J‘ and [5],.

[x}, , £33, and [43, howt o maki plicative inuerse w @
ovr qcd(2.6)22. acd(? ¢)=3 and acd (Y4, ()= @



PRook

—

S"“PPc»se ‘l:\no.iécd(x,n) z |

Then use Euclid's algorithm 1o find s;te€Z such thak

l= sx+in
i3

$x = l-tn
) :
sx £ | (mod n)

Is], o [x1, = [,
3

[ s a multiplicalive inverse of [x], " Zn.

Converwhy , suppose [x), has & mulbiplicalive inverse [l € Z,
Then [Gln@[x]n =['].,
X

b&x= I+ kn for Some ke Z

B |
ox+Gkin =
& _
gqedh Cx,n) bV Cas e only infegers that can be
,!! M{"en as a linear Comlainql-."on
acd (x,n) = | of x and n ow the ones divcsible
bb 3(& (X|Y\§

Jo_see thal dhe mulliplealive inveme is Wnigua

SW& ’ £c‘3m @[xln = [’Bh = [&]“Gf*}“'
| v

fa), = [al e[, = [a)®( [I;‘!,. elx1.)

* lado(pa, 6L1.)
=([a]"e [x1,) 6 I\
=[1, ole],

= [b],

L2}

F9a



METHOD
We emJ ‘u\e nw).k;P\icoJ:ive inverse un Zn 0(’ EGJ,‘ "’5 Wwiing
Cudidl s QLBW\'.\W\:

&u\ (any=l elherwtie [al hes ne invare v da.

bind 5, 1eZ such thah satinz |, k’;% Casslidl's odperithon,
S , . o)

’\%}. x 3
@ Tlen the solubions 1o [a] olx)=D1] aw oll

elemants  in [8]

o LAl

Exereie

Find Jhe mulbiplicative inverse of [5] in Z,.
@ g (51201

® ‘&*\:A‘s odgorithm gives

'2: 5’(2) + 2 =y 9= 5«?,,4-5{“2? _
§= 2 +[1] s> 1z Fr20) = 5+ [ne 5] (-2) 2 505) +13(-2),

23 ()40

125:54 (-2)- 1
@ So the ka-‘P\\'cA: ve inverse of [S] in 2, 13 actually £s] Aself.



Aln: We wenk to find olk posible xe sok.‘sfssns the

Consmnce
0XxSh (modn),

bohich is the same os e:nouns ok [x)eg, s«kis@s;ns

the eguotion
[a} olx] = ['b],.

EXaMPLE

an [x) € Zn which sokislies Lhok
[e) 0] = [1]

Coviesponds Yo Xxe 112,...,n-1} sehiing the congrusnce

6xX 3 ) (mod n),

Sedis Liey Lhed
[Bloll =[],

=y
&2
[ =
h
%s
L]

So drusfova yz1 satisd es the Goma rmCe

3 E 1 {rmed 5)




Reso.lk [Solm‘,ng ax = b (med n) and Z‘Q]n O[x]n = [b],., tn 2»]

Let n22 be on .‘n-l»gau—) ond let alse o ond b ke in‘-esas.
Le{ Scol(a‘n\cs

«T$ q Fb  the egual-ion [a} 00 = [b]  has no solution in 2,

ond the congruence ax = b (medn) has ne soludions either

o If 8]5 the e;u\o&ion f&]nG[x]“z [L]" has ,mcise@ q solud ions

i dn
! nmels [X]n ) [X°+ ‘Lg ]“ where 'L: 0,0,...) s“.

and Xo€ §0,1,...,3-1} is o solkion of the wduced congrience

&, - 5 e
%x. = 3 ("f’ﬁ@@; :E?}é

The elements un #he coésmence classes [Xo+%§] : -L=o'l,...)3-l

e {\\e solukions to 'U\e Consmence axzbh (mod n).



EXAMPLE

e ————————,
e ——

Solue the Congruence 5X 2 2 (mod ¥)

No"e “u‘.s Coﬁ-tsPcnds ":o H‘e eguqhon

0,

@

[Slom = 2] i 4,

Find sce\ (D=1
So there s puciselﬂ | solukion i&n 27, of [5)e[x] =[2].

Find $he meduced Cengruence :
552 (mod?)
is adrady wduced a3 ged(s3) =1

Selune Hhe weduaced congruence ‘% f-‘nd&ns a multifl.‘ca#ve
inverse of [s) n 2:,. ond mulhiflnins the rduced
tguation by it.
72 5+ = 9= 3¢
53 2Q)+4] ol 54260 = 5403574 - 5(2) + 3(-2)
1= lQy+o
So [3) is the mulbiplicadive inverse of [5] 2,

. [5];@[:(]; = [z ];

A [3]19 [s];e[a(]; [33;0[232

\ [lgl;el,"x]; s L'G];

. [10e [x] - [q;

Cx}, - ["];

The solukion to [$30DI:=[2] in 2y is bhas [x)=[6)

[ e e

The SMi&bs o 5x2 2(med?) s
xe [l | that is xef~is -9 ,=1,6,13,2 234




ExameLE

T‘ie Ccmst-unce

Yz 3 (mod I8)

and +he eguakion
[a3,000, = (3], w 2,

have no sclutions as

Scd (‘I' I18) = 2

ond Lf?-.



EXQMPLE
ged (4102 and 2]1o. so let us find alk solukions x: ko the

COhsv-u.unce

Yx = 40 (mod 18)

and oll solukions Ddy, to the egualion [91,'9["],,"[/03,3 n 2.

@ Finl solbe the reduced congruence
Lx £ § (mod9).

This is done by Euclid's Glgorthm:
ad el = 94260 [heawse  4s2(09l = SARION

2= () +0 J

i

So = (%)% + 1.9
Grd so L[] = L8], is the mulkiplicalive inverse of [2] in 7,
a[9,1\0[»] = [s], |
&[s]q G[z],e[x] E [51‘,@[5]‘,
[x}, =[], = [7],
So xE 73 (modd) awe all solukions te 23 5 (modq)

@ The st from P @ now gives thok

EX]I: [#+1 123 Jg for 10,1 ase ol solukions in 2,, of L4}obx)-Le]
thed is the two congriance classes wWhich solm the eguation are

EX3=[7]“ and E’G]“

Ond so e ccns;@hce ‘ llxélo (mod 12) heas selukions
xe [1)y- or Xe[16),, | thet is - Ny |
Xx€§ .pB -0 326,435,603 or xe§ ... »,72)l6, 39523 (35>




QA relodien on a sel X g J‘usi a subsed REXxJX.

We wele }:@e& to mean i’f&g?ﬁ%R

EXAMPLE [reladions ]
Let X be the et of oll people . The fellow»‘nj Gre.

rladions on X:

¢ xRy if x is the some sex as y.

* %Ry f x has the same colewr eyes Qs y.
* xRy # x s younger thon “

*xRy & x is berm in Jhe Some month es y
"XRy i x i the mother of g

xRy % hnows o

.X RS if x s the brther of Y



EXAMPLE [welations]

LQL_X* Z T‘\en u\t ¢0‘|0W5 Gat u\al:ons on V4
*XRy it x d.‘woless

hd Xﬁ_}é e‘f X Zaig
* xRy § xs 9

* xRy V4 X2y Cmod 3)

EXAMPLE

Let XY= 212,3,9,6¢%1 9,03
Then R delined by
| ' A'C'x‘g\é-R € x divides Y

—

s a wlation on X

No«!»e) we cowhd olso houwt wmilen

xRy 1% x dividesy

The two notakions “xRbu and "(x,b),é,ki‘ oxe the same

hing




We now list some Proper#.ies that some reladions have ound

Some do not have.

S&\_mmel_té
Let R be a relation on o sed X. Then R s symmetric f
xRy = 4Rx for olL x,y €X.

[ronsidivit

e

. é ‘ 0
Let R be o wlabion onm a sab Y Then R s transitive 12

X EE anel g;xé?% = ¥Rz Lor all (AT eX.

Reg)ege‘vfla v
Let R be o relation on a set X. Then R is rellexive if

¥RAx for all xeX.

QA relokion which s reﬂ‘ex:ve) Ssmme":réc ond Hranstive is
collad on eguivalence wlodion.

On eguivalence wlokion on a sebX postilions the set X. Each
P‘”’*’ ol the Pcui:ié.'on is o set of eluments of X which o
ol roked to each othur by rlation R. These posts ore
collad  eguivalence classes.




EXAMPLE

“ﬂue b-d.}o.:l:n‘om‘ﬂ on the set of im‘eSQIS delined 53
xRy if and only if 3,("'3)

'S on egw:va\ence elotion.

Cl) We must check thet dhe reletion s o-eﬂex-‘ve) sbmme-l-t-wlc

ond -}Msiﬂl.‘ve w order <o prove 'U'n‘s

i, |
@ reflexive: For omy %67 x-¥3o  and 2o
R et H

-
s % a 4 5 N . >
Symmeiris ¢ Por dpg, ¥ w6 F x-y = - Cu=2) | 20
: - T . FEN St Je 2

95% LS W i

T 33‘{;%‘“&\3 y

ord s xRy = WRx ler ol xue Z
o & T

& ; . - 3wl

T T S B g % 1 o & ta By T e

I Tra ki TETOAAAA AL B W L % w0 TR J
o el — i -

; L E RN R S
RN o AR B3 KT m kel
. ¢ ® F—
3 = Z
“i'}i““‘féﬁ.ﬁ A e, Aol LR % Rz fer ”@'ii- »}Kl Y, R = ff{

@ The eguxvolence cloasses of R one

G
G

G < 1. ) TR, 5800

11

t..)-9,76,-3,0,3, 6,91, }

Ty -806,2,1 9,3, 0,8,... ]

L]

Do upe hnow ancther ‘nome for R

(7))
iy
X
A
b
s
i
X1
&3
Do
X
£
'\



Lel us continue olfscuss;.nﬁ Pmpen!ies a wlebtion R on a set

—

X oy hove. Unbl now we have met

rellexive \-&L&k«‘ons) thal is, ¥Rx for ol xeX.

) I A . . A 1., Do . % o T
[AEETNET LD %3" DN, -de: 15) .gs ?%3:\% j“.ww - fa R “‘ﬁji X0 & e,
% rd = he--3 * 3

e, e

. e
e g

Hransdive \-elcdu‘ons) thok is, if xRy and 4Rz ﬂv_e_n xRz fc—rg.ux,%,zei,

T'nere iS Oone more 'imfbréamf properéj a l-oLcoLio-n R onX
"“:5 \'\o..u-l!

An-\{i - Ssmme'bg

Lel R be a rlation on a sel X Then R is @,s‘s-%-;i.ésamme-ia—;lc

¢ | |
XRS.»MO\ th = X=5 for ol )(.362.

QA relakion (Which s ree\exwe) Grkisymmehic ond fransidive s
c.un.gol o ?oyé.ua& order,



i:& zuj;,i: 4;: U,:b felabion R on the pocuer .sd.. P (=)
ARD® ¢ and only i AEDB. for all 9,360@3-

s a postiol order

I¢ T<%ao,c] then

T®) =14, 101, W, 51, Ta bl facl, fhel, fabel ]

We com dron. g o 1 N
Ne cor drous o pictire of R by creaking & poont Lo
Nt “ T

. 3 ) [ Ay L S VW
Eag i Olaprrnes ) poim L FTW % AR %
€8s elarnent ot Vi), We zren dmas an HETDAn

7y
7 ey

S 00 oe (Ve 3 e
DErasas A Roeg U {ﬂ%’x 1+ ARB
3 ‘ s . o b,

wﬁ’; lophs | L

. )
ti D o R
iﬁ}*’wa Tl e

%
G
¢
o
¥
¢
v
'
I




To check whether “9." 1S a Po..i.‘c.i order, ux check

Qrdigymmetic: ASB and BSA = =8 for alt A8 €0,

2
3

PP B

Ty !
t o7 i - PN E A
o Srtasd HIE. iié’“ ML ;"3«%,.&% 7 mew P 3

tonsitive: ASB and BEC = AC O




EXampLE

Let R be the relation on X $1,23 453 debined by

aRb ¥ and iy i (ab) € § Gy @9, (40, (1,9 (5,0,
(39, 39, a0, (z,z)) 43,
(492, (55) }

Is R an equivalence relakion 2

™,
FEN

&%%& Ve ?C’:g RS WECIE « v@ i ff“i* Laes, f:“g:

e ——

Q aRe.

o Mot demesilive Lor 2RY amd YRZ buk 2R3
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EXanpL L

Let R be defined on 5351,2,3,‘/,5,6} 1’3
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RELATIONS

Q relation R from a set X 4o o set ¥ s simply a subset
o the Codesian produsct XY,

I O e R e uaide xRy ond we saw that x is weladed 4o y.

The set ixeX | (x4 €R for some ye¥ 3 is colled the domain
of e okion R. |

The sel igeY, (xu) €R for some x6X} is called the rnge
of Ihe rdokion R.

EXAMPLE

Let X=1 P?.,) sf...) Blex) Y- inmgg, -ri.,i‘.

Then XxY= L (Pm), (B, (5,m), (5,8), (a,m), (8,3
One relokion R from X to ¥ coudd be:

R= & (pm)) (P4) (5,m)}

The demain of this weladion s iP,:S}

The ronge of I elation is im f].



FunCTioNS

G e\mckoa i5 a relakion e o sel R 1o a set B

se that for each "mput " a there s exacly ome "oukput” b.

EXAnPLES

D f:mam foos 204
AQ

L0n = ax4

@ = iannt) Bo\‘ Co.r\) Doil B- ilo' Ii‘ll)...)LO]
g" A0 £ = the oge of >X

£28 (Bona, 1) | (Bek, 1) (Car,13), (Dot (¢)]




EXAMPLE

Let A= 3ebc} and B= §o,1,23])

Which of the (foh.ws ore funclions from A to B?

©®© ¢ is qiven by

A 8

@ q iS given by




Definu');.‘on of g\md-ion

Given two non-emfn!g sets A and 8,

G -«Lm@lCP‘E ‘ef'b'rh 9 £° B)
dencted 55 |

» ‘
.0 -p

bt

S o rda uwhich assigns lo Qach elemenl xe€f o L
Co..u.w.& '“\Q W"ﬂmﬁﬁ f“i b 4

2 X amdere L
Coita)~

:gm elament 368

We wrde {40 Lo denote lhe Lnigus  image of X under ¢ ) that is

T

é-» A,

I¢ ¢:0-8

&

s a f\.mcl-aon ‘U~o€ set H is Ca.lhd the iwmm o% %)

(@@mnn el. dﬁfw
, nad el. b.mm&. d
and +he set B s called - the (Rodorin h%)

vodomain, of £

é’-@hsmﬁ)

(va mmf#‘ )

j”’:k%\"':% ""t- e

2 s Usually dem¥ed Bs 14(>)) and s the set

2oy eB ﬂ xeh j)

so the ftonge are ol elements wn the codomain +that are

C\cl-uo.uﬂ ima%es oe Some X wnder .(-’




EXAMPLE

ey

Let A= 11350 and B=§29¢3 10}

Let £:Q-p be gioen by the mde foa=ax.

Domain f =

Codmhaln. f -

Range ¢



PROPERTIES OF FUNCT/ONS

We next give some properties that some funchions have
whide other funchions don'l,

Let A and B be }we sebs and Lt f: R be a

funclion.

‘Deeml.\-ion’ [ One-to-one ]

I8 Lthe imoges wndar £ are all &Lc(:e.reni) then the funclion
is said Yo be ere-2o- one (or I-] or Lﬁ@@%w@).
(In Swedish & s saud Yo be enen-@-bo\.&s or 'u‘\dek’aiv)

P.‘cim&% & means thod re two different elements of O
map to the same elument of B. Thet is,

THIS PiCTURE Ts NOT B PiCTURE OF AN INIECTIVE
FUNCTION: BN

A 8

| Formok defindion of cne-to-one

| 0 eu.nc\-ton £:A-0 s one-to-one €
;gcw-olL rsef .'vtrFﬂf(rV Lesy THEN r=s

}

Con’rm.‘:cs%.'w slalement of this definilion |

: Q=B s one-1o-one f

| fovr ol rs€A. TR 25 THEN Qo fecy
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A Lunction E:02B s callad orto ( or s.udéc#ve% £ #s codomain

is the soms as ks g ) thot is 18 B= £(A).
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AT ST, (o 2 merha s ger all LHEH dhere it ab e 1
2 18 et e
™ U 3 E Do
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one - Lc - one .,

Thas ewsd-\‘on is %e-'l:o—one)\,d, rlc_a_t_ ornko




%a‘é@gés’@ﬁ (or one-to-ome correspondemce )

A funckion which is both one-to-one and onto

is collad o %;7@&@5@?; (o o one-to~one correspondente)
(bijﬁgﬂ%‘@%}

Pfdm-&dka it looks :

]

Thot is, a bijection %F@;f‘s tp the elemenls of A and 8.



EXAMPLES

Cons.‘der -“wc eo‘\otm:ns 'es.mcl.‘ons and olec:‘o[e, w'nchr U“ﬂ Oure
wnjeckions (1-1) ) susgecdions Conlo) or B:‘J‘ed—ions‘

. ?:!N-»N E(x)=xz

q: =4 quo = lye
* h: R=R  hoa= axe
> k=7 kea = xel

_— !N‘*Z/ *(x)g%x ?gx.‘sodol

x a! X iy even.
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Compos-'hbh e! cunc'lions

Tf we host #wo funclions f:B-8 cnd §: B-ac,') wse
eon defline the compesilion g@f 184 4o be the
funclion given bb the ruls Hhat

g@-@}éﬁ;x‘% 1= gff{m.} for all x¢B,

4

EXAMPLE
Le£ f= Z"Z be sium ‘33 H\e raaka £(~)=X2+l.
Lel g:2=2 be given by the mdi goa= 3x+2.

Flaen) = flaxen) = (ax+2) +1> oy o5

i

feq

go b = gPen) = gex%1) = 3(xM)+2 = %S

Nole thet Lunmclion Cemposiiion is NOT‘Cornmulq-l-'ve)
thak is | generolly

foq 0o + g"ﬁx).




THEOREM

Llet f:0-p and. g B-b(,‘ be tuo gu.ncla'onsn

© I¢ £ anolﬁ are both ore-to-one then g@g s ome.d
@I £ and q e both eonto then go-f is ondo

® I 2 and g @ both biyeclions then gef is a b:‘jec-licm.-

DDPE,



Imm.«se og Etmc-l ons

Iﬂim&}a‘ye\ﬁ o L.nclion s 'LPM\D\& £ whan we oue aiven gy

{m‘kga&. of He funchion wn bhe cod,@smw) we cour, dakerrirg
« Unigue ‘inpuk? ln Hha demoin bom whae th oubput!
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Formol, definition of jnverse funclion

ket $:0+p be o funclion,

If thee eisls o funchon g:8+a such that
for ol e cnd 56Dt hawe Ehal
it k= b then glb):a,

ﬂ-—‘-‘l‘ oy that § i invertible il inverse
Say 3

and wat wrlde 3=f°t

THEOREM
Let -?=9‘5l5 be a :(’unckon.

Then £ is :nverl;ik‘é " il and onlsy W fia L:')‘ecli’on.






