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Examination 2006
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Time: 5 hours
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There are EIGHT questions on this paper and each question carries three points.
The maximum number of points available is 24. The points for each part of a ques-
tion are indicated at the end of the part in [ |-brackets. Ten points are needed for
the mark G and eighteen points are required for the mark VG.

The candidates are advised that they must always show their working, otherwise
they will not be awarded full marks for their answers.

The candidates are further advised to start each of the eight questions on a new page
and to clearly label all their answers.

This is a closed book examination. No books, notes or mobile telephones
are allowed in the examination room. Note that a collection of formulas

is attached to the paper.

Electronic calculators may be used provided they cannot handle formulas.
The make and model used must be specified on the cover of your script.

GOOD LUCK!!

Make sure that you are doing the right Discrete Mathematics A
paper! This paper is for the course which used

[Johnsonbaugh)|

as coursebook.
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Question 1

(a) Express the binary number (100001110010101111)s

(i) in hexadecimal;
(i) in base 10.
(b) Express the following formula by using ¥-notation.

14+34+54+7+9+...+(2n—1) =n>

(c) Use the formula from (b) to compute the sum

300

> (@2n-1).

n=100

Question 2

The sequence {S, ()}

n=1

is defined by

Sn(:r):Za:T, forz e Ryn > 1.
r=0

(a) Showing all your working, compute S;(x), Sa(z), S3(x) and Sy(z).

(b) Prove by induction that

forall z # 1,n > 1.

(c) Compute S, (1) for n > 1.
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Question 3

(a) Let A,B and C be subsets of the universal set U.

(i) Shade the area corresponding to the set X = (AU B) N C in a Venn

diagram.
(i) Let Y = (ANC)U(BNC). Decide whether X =Y for all possible choices
of A, B and C. Prove your answer! [1.5p]

(b) Give the set
My —{2,4 6 8 10

by using rules of inclusion.

[0.5p]
(c) Give the following sets by the listing method.
() My ={z € Z | 52> + 22 —3=0};
(ii) P(P(P())).
[1p]
Question 4
(a) Explain what it means for a relation R on a set S to be
an equivalence relation. [0.5p]

(b) Let R be the relation on the set S = {w,z,y, 2z} given by

R = {(w,w), (xvy)7 (y,z), (27‘7:)}

(i) Draw the relation digraph for R.

(ii) The relation R is not reflexive. List the smallest set of pairs which must
be be added to R to make it reflexive.

(iii) The relation R is not symmetric. List the smallest set of pairs which must
be be added to R to make it symmetric.

(iv) The relation R is not transitive. List the smallest set of pairs which must
be be added to R to make it transitive.

(v) Suppose that all the pairs you listed in (iii) and (iv) are added to R, does
this make R an equivalence relation? Justify your answer! [2.5p]
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Question 5

(a) Give the truth table for p = q. [0.5p]
(b) Give the truth table for —p V q. [0.5p]

(c) Let a,b and n be positive integers. For each of the following propositions say
whether it is true or false and give a counterexample for each false proposition.

(i) n > 0;
(i) n>0=n>1;
(iii) n > 1;
(iv) n>1=a>b

(vi) a>1orb>5= ab>10;

)

)

)

)
(V) n<l=a>b

)
(viil) @ > 1 and b > 5 = ab > 10;
)

(viii) nlab = nla or nlb. [2p]

Question 6

(a) How many positive integers less than 1000 are

(i) a multiple of 37
(ii) not a multiple of 57
(iii) not a multiple of 2, 3 or 57 [1.5p]
(b) A PIN-number for a credit card consists of an ordered sequence of 4 digits from
the set {0,1,2,3,4,5,6,7,8,9}. How many PIN-numbers exist
(i) if repeated digits are allowed?
(ii) with four distinct digits?
(iii) which do not contain the digit 07 [1.5p]
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Question 7

Let G be the graph with vertex set V(G) = {1,2,3,4,5,6} and adjacency matrix

010001
1 01 0 01
010110
001 010
001101
110010

and let H be the graph with vertex set V(H) = {a,b,c,d, e, f} and edge set
E(H) = {ab,ac,bd, be, cd, ce, fd, fe}.
(a) Draw G and H.
(b) What does it mean for a graph to be bipartite?
(¢) Justifying your answer, say whether G is bipartite.
(d) When are two simple graphs said to be isomorfic?
)

(e) Justifying your answer, say whether G and H are isomorfic. 3]

Question 8

(a) (i) Define what it means to say that a = b (mod 5).
(ii) Prove that if a = b (mod 5) and ¢ = d (mod 5) then ac = bd (mod 5).

(iii) Give the 5 congruence classes for the congruence relation a = b (mod 5)
on Z and describe the set Zs.

(iv) Give the addition and multiplication tables for Zs. [1.5p]

(b) (i) Using Euclid’s Algorithm, show that ged(1721,1271) = 1.
(ii) Find two integers s and t such that

1271s + 1721t = 1.

(iii) Showing all your working, find all solutions [z] € Zj271 of the equation

[1721] & [2] = [5].
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MITTUNIVERSITETET
TFM

Tentamen 2006

MAAA99 Algebra och Diskret Matematik A (svenska)

Skrivtid: 5 timmar

Datum: 22 augusti 2006

Denna tenta omfattar 8 fragor, dar varje fraga kan ge 3 poang. Maximalt poangantal
dr 24. Delfragornas podng star angivna i marginalen inom [ [-parenteser. For betyg
G kravs det 10 poang och for betyg VG krivs 18 poang.

Till alla uppgifter skall fullstandiga losningar limnas. Resonemang, ekvationslosningar
och utrdkningar far inte vara sa knapphéndiga, att de blir svara att folja. Brister i
framstallningen kan ge podngavdrag dven om slutresultatet ar réatt!

Behandla hogst en uppgift pa varje papper!

Hjalpmedel: Medf6ljande formelblad, skriv- och ritmaterial samt minirdknare

som ej dr symbolhanterande. Ange marke och modell pa din minirdknare
pa omslaget till tentamen.

LYCKA TILL!!

Kontrollera att du skriver ratt Diskret Matematik A tenta!!

Den har tentan galler kursen med
[Johnsonbaugh]

som kursbok.
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Uppgift 1

(a) Uttryck det binéra talet (100001110010101111),

(i) som ett hexadecimalt tal;
(ii) i basen 10. [1p]

(b) Ange foljande formel m.h.a. summatecken:

14+34+54+7+9+...+(2n—1) =n>

[1p]
(c¢) Berdkna foljande summa m.h.a. formeln i (b):
300
> (2n-1).
n=100
[1p]
Uppgift 2
Talfoljden {S,(x)}2, definieras genom
Sn(:z):Za:T, forx e R,n > 1.
r=0
(a) Berdkna Si(z), Sa(z),S3(x) och Sy(x).
Visa dina utrékningar. [1p]
(b) Bevisa med induktion att
1
Sp(z) =
(@) = ——
for alla z # 1,n > 1. [1.5p]
(c) Berdkna S, (1) for n > 1. [0.5p]
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Uppgift 3

(a) Lat A,B och C vara delméngder av grundméngden U.

(i) Markera omradet X = (AU B) N C i ett Venndiagram.
(i) Lat Y = (ANC)U (BNC). Avgér om X =Y for alla val av A, B och
C'. Bevisa ditt svar. [1.5p]
(b) Ange méngden
My — {246 8 10

med hjalp av inklusionsregler.

[0.5p]
(c) Ange foljande méngder genom att lista elementen.
(i) My ={z e Z|bz>+ 2z —3=0};
(i) P(P(P(0).
[1p]

Uppgift 4

(a) Forklara vad som menas med att en relation R pa en méngd S &r en ekvivalen-
srelation. [0.5p]

(b) Lat R vara foljande relation pa mangden S = {w,x,y, z}.

R= {(w,w), (-%,y), (yvz)v (Z7x)}

(i) Rita relationsgrafen for R.

(ii) Relationen R é&r inte reflexiv. Ange den minsta méngden av par som
maste laggas till R for att R skall bli reflexiv.

(iii) Relationen R &r inte symmetrisk. Ange den minsta méngden av par som
maste laggas till R for att R skall bli symmetrisk.

(iv) Relationen R é&r inte transitiv. Ange den minsta méngden av par som
maste laggas till R for att R skall bli transitiv.

(v) Blir R en ekvivalensrelation om alla par du angav i (iii) och (iv) laggs till
R? Motivera ditt svar! [2.5p]
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Uppgift 5

(a) Ange en sanningstabell for p = q. [0.5p]
(b) Ange en sanningstabell for —p V q. [0.5p]

(¢) Lat a,b och n vara positiva heltal. Ange om féljande pastaenden &r sanna eller
falska. Ge ett motexempel om ett pastaende ar falskt.
(i) n>0;
(i) n>0=n>1;
(iii) n > 1;
(iv) n>1=a>b

(vi) a>1eller b > 5= ab>10;
(vii) @ >1och b > 5= ab> 10;

)
)
)
)
(V) n<l=a>b
)
ii)
(viii) n|ab = nla eller nlb. [2p]

Uppgift 6

(a) Hur manga positiva heltal mindre &n 1000 &r

(i) en multipel av 37
(ii) inte en multipel av 57

(iii) inte en multipel av 2, 3 eller 57 [1.5p]

(b) En PIN-kod for ett kreditkort bestar av en ordnad sekvens av 4 siffror fran
méngden {0,1,2,3,4,5,6,7,8,9}. Hur manga PIN-koder

(i) finns det om repetition av siffror ar tillatet?
(ii) har 4 olika siffror?
(iii) innehaller inte siffran 07 [1.5p]
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Uppgift 7

Lat G vara grafen med hornméngd V(G) = {1,2,3,4,5,6} och grannmatrisen

010001
1 01 001
010110
001010
001101
110010

och lat H vara grafen med hérnméangd V(H) = {a,b,c,d, e, f} och kantméngd
E(H) = {ab,ac,bd, be, cd, ce, fd, fe}.
Rita G och H.

(a
(b

Definiera vad som menas med att en graf ar bipartit.
(
(d

)
)
¢) Ar G bipartit? Motivera ditt svar.
) Definiera vad som menas med att tva grafer ar isomorfa.
)

(e) Ar G och H isomorfa? Motivera ditt svar.

Uppgift 8

(a) (i) Definiera vad som menas med att a = b (mod 5).

(ii) Visa att om a = b (mod 5) och ¢ = d (mod 5) sa ar ac = bd (mod 5).

(iii) Ange de 5 kongruensklasserna for kongruensrelationen
a = b (mod 5) pa Z och beskriv méangden Zs.

(iv) Ange additionstabellen och multiplikationstabellen for Zs.

(b) (i) Anvénd Euklides algoritm for att visa att sgd(1721,1271) = 1.

(ii) Finn tva heltal s och t sadana att

1271s + 1721t = 1.

(iii) Bestdm alla l6sningar [x] € Zi97; till ekvationen
[1721] ® [z] = [5].

Visa dina utrédkningar!
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MAAA99

ALGEBRA OCH DISKRET MATEMATIK
FORMLER OCH SYMBOLER

SYMBOLER FOR RELATIONER MELLAN TAL

a=b a ar lika med b

a#b a #r inte lika med b

a<b a ar strikt mindre &n b

a>b a ar strikt storre an b

a<b a ar mindre én eller lika med b
a>b a ar storre an eller lika med b
alb heltalet a delar heltalet b

NAGRA RAKNELAGAR FOR HELTAL

Associativa lagar: (a+b)+c=a+(b+c) (ab)e = a(be)
Kommutativa lagar: a+b=b+a ab = ba
Distributiva lagen: a(b+c) =ab+ac

Lagen om nolldelare: Om ab=0sa ér a =0 eller b =0

NAGRA TALMANGDER
den tomma méngden { }

Z méngden av heltal {...,-2,—-1,0,1,2,...}

7, méngden av positiva heltal {1,2,3,...}

Z_ méngden av negativa heltal {... —3,—2, -1}

N méngden av de naturliga talen {0,1,2,...}

{r € Z| P} méngden av alla = i Z som uppfyller egenskap P

{xeZ: P} ir detsamma som {x € Z| P}

Q méngden av de rationella talen {p/q: p,q € Z, q¢ # 0}

Q4 méngden av de positiva rationella talen {x € Q : z > 0}
Q- méngden av de negativa rationella talen {z € Q : z < 0}
R méngden av de reella talen

R4 méngden av de positiva reella talen {z € R: z > 0}

R_ méngden av de negativa reella talen {z € R: z < 0}

[a, b] det slutna intervallet fran a till b, dvs. {x € R:a < x < b}
la, b] det 6ppna intervallet fran a till b, dvs. {z € R: a < z < b}

SYMBOLER ANG. MANGDER
A=RB A ar lika med B

A#B A ar inte lika med B

a€A elementet a tillhor méngden A
ad A elementet a tillhor inte méngden A
AUB unionen av A och B, dvs. {zx: = € A eller x € B}

ANB snittet av A och B, dvs. {x: z € A och z € B}
A-B méngddifferensen av A och B, dvs. {x € A: = ¢ B}
B komplementméngden till B, dvs.
om B #r en delméingd av grundméngden U sa ér B={x €U : v ¢ B}
ACB A dr en delméngd av B, dvs. t € A=z € B
ACB A ar en dkta delméngd av B, dvs. AC Boch A# B
AXx B den cartesiska produkten av A och B, dvs.
mingden av alla ordnade par (a,b) diir a € A och b € B
P(A) potensméngden till A, dvs. méngden av alla delméngder av A



NAGRA RAKNELAGAR FOR MANGDER

Associativa lagar: (AUB)UC=AU(BUCQ) (AnB)NC=An(BNCQC)
Kommutativa lagar: AUB=BUA ANB=BnNA
Distributiva lagar: AN(BUC)=(ANB)U(ANC) AUuBNC)=(AUB)N(AUCQC)
De Morgans lagar: AUB=ANB ANB=AUB
SYMBOLER ANG. LOGIK
-p icke p
pVyq p eller q
pPAq poch g
p=q p medfor g
pEq p &r ekvivalent med ¢

NAGRA LAGAR FOR LOGIK

Associativa lagar: (pVgVrepVigVr) (pAg) AT < DpA(gAT)
Kommutativa lagar: pVqg<qVp PAGESqgAD

Distributiva lagar: pA(gVr)e AV (pATr) pVgNAr)E& Ve A(pVT)
De Morgans lagar: =(pVq) e pA—gq -(pAq) e -pVq

NAGRA LOGISKA EKVIVALENSER FOR BEVISFORING
Att bevisa p < ¢ &r ekvivalent med att bevisa att p = ¢ och ¢ = p
Att bevisa p = ¢ dr ekvivalent med att bevisa —=q = —p

LOSNING AV ANDRAGRADSEKVATIONER

—b+ Vb2 -4
Andragradsekvationen az? + bx + ¢ = 0 déir a # 0 har r6tterna x = Tac

NAGRA STANDARDSUMMOR

~  n(n+1)
27

" _n(n+1)2n+1)
2T

i [ |
E " = 1 dér det reella talet x # 1
T —
r=0

DE POSITIVA PRIMTALEN < 100
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47,53,59,61,67,71,73,79, 83,89, 97



