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The COMplex numbers

* Recalt,

2= {..,-3,-3,"1,0,1,2, .. ]

‘On y/4 we can do the o...-:.Lk'neLFc OPCle'OnS +)“ and. x,

* The miional numbes O we ‘Geated 1o be able fo do division
s  well :
Q- ;.m/n , m‘nez ond. n-‘#O}.

¢ The .recd. ambers R were ‘Geaded' Lo 8l in Lhe :ga/:s‘
belwern the rokiomals on Lthe Awmber line.

* We now define o ntw number Syslem , which will edend

)

Bu tend nuumbes ) we shall ealk & the complex murbes
- end L wll be deroled C.

Tlg reason for heeding this erlendedl number system s fourdd
in odeebra ) more specifially o the theory for Solwing eguations:

0%



We G.Lr{adﬂ hnow thal /P o yuadmlfc 'oqsnom:‘a,(

Pe) = Xt bx+c
hos +wo oty o and A, 'H'ter)

pe) x4 bX+ ¢ (xfa() (X',B))

and i® & ceubic polynom al 9092 ¥ +aribx+c has dhe mols
d,/é and Y, then

9o = X axtebaec T Crmot) (x-p)(x-¥).

We Sa that  Hhase fbé.,nomfals -S/)LJ: ko L:anu' factors.

Unfor!

rw.no:tets nod oA Fo%narmql.s S/alni mcel:s m'lo (,«.neo,f
Lcdors. For exampla

Po = x4y
has he mo{s, and

gfkhk"—-kz-rx-l T (x241) (x=1)
has ‘jus-\- one reol tol.

%_\_«I} We are /Ookh:(j fw O ruuber .sbsiem W‘u‘c!w Am -//:e‘

prbgoer45 thai Cuery Ipo%no#m‘a,i of a’;agfwae., n has

and Hhus Slbl..'?:s info n lineer foclors
0’13 e Facior 7A€Oh€:~n). Thes {351@07 wil be C.

n \'DO'\‘S

Aio%



We sland by fmaus defmzrﬁ the Comf)lex nuum bees .

DERNiTION

The complex numbers @ s Jhe .9e£ of all ordereol Pasrs
of ral nNnumbers. 7;0/)5 ‘s

q:- {C«,b): abelR}.

At—i'“\me-l-ic in (.

We con define an addifion + ond o mub&:)olfca-hon - on d.
Given oy oo Comfhs numbers 2 (ab) and 3,7 (¢;d),
we define

g+,

3

(ab)+ (gd) = (a+c, bed)

2,2, = (a8) (e, d) = (ac-bd | ad+be)

note thot atc bed ) ac-bo(l ad+bc  are real M.mbers)

So Zt2, and 22, are COmP)ex numbers.

We con new prove that @ salisbies ofl Hhe Some kules
Gg &h,;-nmé?ec ag ds !'R &ﬂc{ @ (;UO%-QA 'L"\O*MMSQCA

o shuckure a ?:’gelel)-’
' \'lmpe



Tl)eorem (RUJAS O-f a«:”\-mehc eo'r ¢)
4 4 se-”\er with ids addidion + Mol ml:l:ip Lcation - debined above
S a '(’BM ) #mi: (s J I“,‘ .SQ’II'S!!’QS '#le fo//o-mnj Fdes O‘p a.n.'#mel:‘c:

4. Closuse Louss
M

For al) 2,,226@-) 2t2, e  ond AL N

I a/eml/é Elements exist .

‘ﬂe?e IS a (uniqtu.) number (0,0)GC Such -»U'mi for all ZGQ:)

-

Z+(00) =(00)+2 =2,
eThere is a (unigue) humber G0) € € such that! for all ged,
Z-(,0Y = (vo).2 = 2,

3 Qdditive and multiplicative inverses exisd. For exh ze ¢,

there is a (umjg«u) addiiive inverse (-2)e @ such +4hat

2+ (-2) = (-2)+ 2= (0,0),

For each 2¢ @ y 2+ (0,00, there is a Lnigua ma,ééi,ol-'ca.-lc’ve
inverse 2'¢ € such +hat
2-2 s 2 2= (0,
4. Qssocialive Laws For all 9,%,3¢€ J)

v (2,47y) = (3,042,  and Z,(2,,) < (g‘-gz)gz.

U

. COmmg-’a-/ng A[g_gs For a,u -z,)-EteCf
g td, = 8,42 and 2,8 = &, %,

6. Distibutive Lawss  For oll z,%,3¢d
T Nt e A A e e,
'Z,' ('22"'23): Z,Zz"' 2,23.

Pcl 3us-\ ol tudale using the a/eﬁ'm'wl:‘on and the pfo/aerlic.s
o e real. hubers,



Prool  dhot additive and mulbiplicative
let 2 (ab) €2

ihyerses exf;{ 4

then define (-2)- (-a,-b) € €.
We bhave

2+(2) s (ab)+ (-a,-p) = (a-<, b-b) = (o,0)

Catr = Gafb)+ @h) < (-ata, ~b+b)= (o,0)

=6
) a4 ) p)

For 2= (a,b) e €, where 2+ (o,o)) define 27" (q";b‘

'U')en a -
g.27« (q,b)- (Z‘-»T‘) *é%_b? >

(_%‘__:AL —ab ba )

T, R
a’4h ) @bt a{,:

Q)2 -ab
FE I ICO R

Simila~ cal cedationg Sive

= (l,O),

LT



d: Con"‘w:ns R Q's a Su.bsd:) in 'ea.o/. e <an /'a'en:z:'fs
IR and +the subsel 3 (a,0): (a0)e C}

Becowse IR con be solentified with the CWf/e-«\' ruwnbers of

the Lorm (q'o)) we abuse owr hotalion J‘MS and wrmile

(@) as «a,
We +hen define
(= (CH))
and we houe lha{
Ca,b) = a+ (b

For dhe Com'ﬂlgx hamber Z-‘qub):g.«.bi!; we call o

LN

+the real post o 2 and b the imasfnwg jpwé of =

In symbols we wrle

asle x>  and  bs Tm(e).

/_Vgie -“'to& 15=Im () | Jhwdk Anol.vn Qas #e /"ﬁgj/"@ /G.uf/

S o r@:Jv v ber,

The  tead numbers are JkS?l Hhe Co-m//e-\' nuwmbers ze d
Yor which I»ce): 0.



Let us work wih the number (.

Fist nofe
(= (00 (0,0 = (0-1,0+0) = (-/,0)

et is =~

g4 Lo remember  ths -forrrwla pu nad rol memortze how
do m.u.lbpb co'm.f)hx MmLer‘S)‘po'r

%) - (¢,d) :(a+ b)) (cvid)

s ac+ cad + ibe +thd
= Cac-bd) + i (ad+bc)
e (%*bo\) ad+be ).

For Ny Co’mplax number 2= (ab) = a-&ib, we Olefine E). the
complax  conyugate of 2z by

T:= (b= a-cb.

We nole Jhat
2-2 = (a+d) (o-ib) = o~ ﬂ; = of'-u-bz s (q‘*&f, o))

‘#mi is Z2Z is a @ ‘N ber.

77\.«.‘s is a Vel‘;tj im!oof%anfl fac-’- as hl a,UoW.S‘ LS %o

ﬁo"\f)h.’:e mnl):.:':\l.co.kive inverses of CM?\.FIE.\' nmbers
W.’-iko-w{ 'memorienls the ﬁomda We éave anve



Lei O+ a+£5) then

W A —— G-~ Lb a-~cb - ;.L
(a+ib) = (a+cb)™ = (a-b) (a+ch) = “a%kt AT tLae
0 a
R IR

"small' theotern
¢

Lemmq

Pmog (b) W{ /eave ) a5 an exercige ./

LE.';‘ '2}: &"‘;E ) e;= g+ id ) 'Zheﬁ

RHS= a<tb - ¢+(d

]

o,
-z

(a~ib) (e~ id) = (ac=bd)~ { (ad+be)

Cac-8a) + ¢ (ad+be) = (asih) (coid) = LHS. m



Agord disgrams

2= Cab)= atth  can be H:Presen#ed gmfah{c% n #)e

Coordi.nq.’ee. Sﬁs"frn as #»e Po:’h{- WHU) CCU"/GS iah
coordinokes (qib) . Thes Rpresen lalion ) ADM
G %cmol ouqsmm Lor 2. |

b_____ %=(ap) = Gtib
wned

Ce'me le —

{

¥

P e~

s ¥

Since dhe x-coordinede of 2 s aélée(z), Hhe x-axi§ is hnown as

the ol oxis,

(nd simi\w—\th becomse +he yceerdinate b=Im(2))£’u y-axis <&
hnoasn as dhe Imagihary  oxiS,




( &b?ﬁ@\u‘&) %Q !0 fFeJ"

/
We define He norm (also colled 4he absolute vadug
of 22(ap) e L as

1
2= V adsbt

C-mszca.us) iRl s the Ienj'y) of the direclion vector for z

w the %and d.imém.m) thed s Phe (n,cﬂ-“') 1ozl oc_’éka
Line Segmeml Oz: ,

The swm of fwo mmP)ex wnbers 2, and g is jus the
Poin)- whose direction veclor & dhe sum of the two
direction vectors for 2 and z,. Hence é‘i Phe ﬁaﬁe

ineguc\)ﬁg\»:} wt houst Jhed

l2,42,1¢ |2)+12,)

\
/ T, 2,

o




We also nole that
LEMMA lz2)*= 2%
PRooF

| 2
Z T = Catib) Ca-~ih) = qz-t-bz-‘q'a’wb‘_') =12 g

COROLLARY [z, | = I3 /)2,

-

PROOF

]

wal (7)) GR) 2 @a (T 8) » GIYET )« la/a)”

and since [2] s a non-ngaq#be ral rumber, we
thas haue

| ’%”339;1'2,31} B




Polowe form of compley number (sv: polde form )

Suppose that 2=Cab) = arib €€ has a diection veclor of
""‘5)“‘ €z 121 and forms an angle © w.ith the x-ayis:

The ®raw’ eo-n-. 2-‘!’(Cose,5in6) T rcosO+ 1 (rsinG)

is krown os Lhe Po\ow form of 2.

The ‘ld’ Lorms,
Z=(a,;b_); and 2= O+ib

Ot knows as qu Costesion ’ﬂﬂmm of g,

The O.nale © is hnousr as the Q_rsumeni of 2, and e wie
8= arq (?)
Note ihoi 1he G-rﬁumen'é of 2 is mol Lniguae ? adounj 20 4o ©

yields onother o.nge uhich 15 olse an Ggunené of 2.

The Py-:.nc‘.Fo). vahu. Gmong -Hm Vql(us of oﬁtz) is the value
o the infel  3-F, 1 and is denoted by (.



If we deline Lhe Comi)lex number @Lg ‘33
L&
e = cos G 4 ési@'@)
thet s
{0

e s dhe complex nuenber on the wnil circle in Lhe

a.rsomo( ol,:qsrnm weth Qasumen'!: e
N

) .
eirdamsy . "7~ 4@ = (€050,8.n0)
N

{ ©

b
[4

e

Tken) W 2= a+ib = r(cos®, sin®) = rcos®+ i(rsinO)

W Chn Loate Y-
Z=sre

Fmﬂ’ver, we can define Lhe com?\ex exPonen'L'G.l 'Pk_nd\’orw et
Lo Oums 2= a+lh as

2 atch a b

€=¢e =€ e -fe&(cgse;-y?.s}.nb)

1]




LEMHMA

.6
I¢ 2= r(cos@+ising) re° ond.

Lol
w= 6 (cosa+t Sind) = se ™,
Then L (6+)
ZW:= (rg) e
PrRoot

Zw = (rcos® + irsind) (scoset +issina)

= rscosBceosal -~ rssind Sinal, %

v(rs cos@ s$ined + rg sinBcosel)

g,

rs(( Cosbcesd~ SINGSin ) + L Cos® sima s;necosa))

rs ( cos (8+a) + ¢ sin(6+a))

L(6+a)
rs e

U.ss‘nq i—ﬁm;s resdd p 4 eSS P

Few %



{2

De Moivie's Theorem

If n is gq fo.shlive inleﬁer ) then

(cos6 +isin®) = cos(he} ¢sin(h6)

Corodary

I a- r(cos®,5in6) = rcos@ + i.r'sine) then

Zn-'-' r" (cos (n&) ) sin(ne6)),



_EQ uation S

Q CCompLgx') P°l5h°“'“c°‘l'~ oe_ds.sm n LS an expression
_ P(a) = AQnE"-t qh-'_?"".* e+ Q24 qo)

whare 6,#0 and all Coeefu‘cieml.s (s C.

nol\sxa\\e
\
O ot of P 1S o (ComPlex) rimber 2, Such +hed

[)(za=o.

First giservg ! we Con div.de Cempkx fmi:,nomfals to the

Same Way as we divide el Pol:’hm,a’[s
because the rules of arthmelic in € e
s same as wn IR.

We also howse

THE FACTOR THEOREM

Z5is o root of 4he complix  pelynom el P
£ and oy i§  there exishs a looi:nm:‘ai 9
such thok

Cp=(E-) q

. : ™
meeish i dovisible by (22007 | but ot
Wif\(ci"g m.




The Fundamenial Theorem of alﬁebfa.

euu-s (Ccn-m?lax) Po'l:}no-rmol of desree N ")QS
precisely n roors i§ Jhise o counded with

el ‘)\\'Ci'(-b.

Se gu@‘dg@%a @ﬁu@l»@m@ wher soleed w &

a\mw%ﬁ? ﬁfm Ve Zm@ roots (/L we Ceum

ity WU&%FE‘M@’&) |

Findu:ns the rools s usuaig .S-lm‘j;d: forwaxo(.

wsing, the method of completing the Sguare...




EXamg les

Quadratic quql:o ns

Solue

ey 2422 +3 = 0

() 2% ¢
(c) 2= g+6¢

(A) 2% Ya +22 ++¢Y( = 0



) A.. .h. ) ‘
- ):
w % (4420) 2 + (y+64) = ¢

Complele the Sguore ;

(e (40 = (20 (Ve W g¥c= o
3 |
(24+D)) =-1-¢0: ®

Let ws= ewm.)) then ® béc@meg
W= -l 60;

which cen be solved. bj pbfiinj

W2 WtV where uve R

then 55 Compcw;nﬁ reed and "mqjinafj f@és ,
wn @2 e aet

[u"-v‘z-n ]
L 2uv:-6o
Which coin be solved do give

ws= §-(b and ws-§+ 4

?: W= = 3~ or -2+(§

:__—:_:——-—-—.

\L>



4.__,,___-__50!_@ &LQ&J‘&UB ~_,__'._ — 2 wj_

q

e ...-.-_\t_-._____‘,_.

RETHSFLY _,wo e — (so\ve €LJ3.QT.-.J25 _ﬂvg mgihod. O«Q n Jhrc»ois_) JR _______ 3

e e -
<

R N __(am- u_z_____w-,___* L _._-{;LLL a__va. .-_Wherewugz_g.cg_ren& _.____._M; __;_‘_ L
’ﬁ : P : P i

o _ Gentegr thm,,_ﬁ A L R D R
R ...*.v_v-_,.J*____. R S [N IR RN

B \J"Lj ! _'_;_-.4 2e (g -y_‘; EA0L Laul___w_'___;__ﬁ;‘wm_:

[ ..__.-_Jz : IR SN SO N

_,;'___ - - '....._'._..‘____~_j s ;‘_l:*.ﬁ_f;_f.._jmiﬁ__--_. W-_& Com(gmmj_m Qad,_mgi&.ﬁe.%.__im#s_ gmwm

HEEY 4 DQ{_ — Rt ST U UUTS A SR S S A

,w.___,(c) z* ~3+6L Pracegéwww, &s__gx ohJ i (D st ge;t E= 0.+w wy_;L_._ - _~_,_~




RooTS

Find. all comP)ex Nuumbers @ such -HSCL'L |
[
whare 2 is any, complex number.

f IS }znoum as an p'th ot o-ez

Lel uas f.‘rs%; consider #»e Spec:’al Case z=!) H’%a{ i$

Qind aJi comPLx M\aers f sSuch "‘Aﬁi
Ph= 1.

These aue Rnow.e~ os the comFlese r'Jh roots of tnitys




So... Sq'(& En-: | @

T8 v Lt p= reig) we first observe that r=| (hy 2)

So Complase roots of by lie on dhe und cirele ¢n
9=e‘° R Co8O + (§inE

Nex*«’: cbsem& #mé [= [+ L0 =

ces O+ Lein O

So ® omounts +o So’b-{ns

e

[y n LY
(Cos9+ Lsme) = cosQ+ c.s;no)

which by De Moivre's Theorem be cornes

Cos(h) + L S (n®) = cosO + Lsin 0.
Se

bs'.compcm:ng.r_ed and .‘mas.'n% fao.iLs
gy Sd:

5epwed-e§:5 -
/= cos 0= cos(nB®) and O=sin0: $in (n@),
Thal iS)
"0k (IT)  ond Hus 0= bW 4o Lo
Se %ne_ n'lh mcf‘;s 01"’-] uﬁi'{‘-s are Sg:éce
. | 9§ ) ’ T
Rt T

These awe P21 ond  Nel  olher poinis evenly spaced
-1 the bl Civde i Hhe a.lso.no‘ o&&&m.




Emmgle
Find all P Such 4hat A_Pq=/

e ——

7

‘}/
b- el

8 . a9
OS2 + Lsing =

L
=

ﬂ= CosT + (s;nT = ~
=z

: 1) . T
= CoST L Sin 2 =
Pv 2 2 )

N/



LE Mma | Given Any complx ruumber reie.

If 260 ond 2"= re'® then

z:{Jr e

6 o
where = n + "(‘.—T ;z=0,l,...)n-l

+hal s s the n'ih rogts o("reie all ke on -i-l\e.:cir"ci&
wn the ar&ﬁuﬁd qusmm of rdius {Tr: wndl  cenlre
ot the oriain,

One of the rools has Cuswmeni ??‘)

'”'\ere ot N I"DO'LS o.”ose#her O.nal #wﬂ ose Qu{nl.s
Spaced. on tha ctvele,




ExampLE

Find oll 2e € such that =’/

Fird e rad o waidle -f¢ tn po-’-olr Porm. We do dhis

""b locc.;LinS it on dhe %a.nol ol,cqsmm:

so am (~16) =1
I-lel = ¢

=2

Hehce :/i= 16 (c_cs'(T+ LS:’n‘IT) ! |
= A6 e

The ('()N'S‘L, fourdh ot of -1t s thus
| .f

‘7‘

)

ot
R

50

and 4he thiee others oure
L (3T o0 i () ()
£=%e fi=2e " A

B



On #u. %M&[ OLasmm #mj ot !
f

R r i .1 - .
£ 2(cos.,,smw = (\E)ﬁ,\) =(Wi,\l'£)=‘ﬁ(l+£)_

. CL T
fim2leo¥ s 9) s 2(R k) = (e R) = ()

fz =2 (cos S:n q } 2 ('cr 'uz) = ('U—Z,/ 4\52):‘?(—(-6)

2 Z(COsq va)-‘—ﬁé é_)'—’ 2 GZ) lﬁ(l-sj

B ,




