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SEQUENCES

a sequance s on ordereol list of rumbers.

More (?omo.ub o Sequance S a funclion. s: Zs >R,

Exa.mg\e
1,49, 3, lo, 13, lé, 19,22, %5,...

con be desoibed as S(N=1, S(A=Y, S('”‘?,---'
'E\qoma\\ e usumllﬂ (TPPe; P) 5'.“ 51:%) 53:7., Lnsl-ec;&..

The cﬁs% 'Lem o¢ '“ne Seymce S Lnow»n as 'U»e innlial term,

Gnd wa Souy Yhat the aeneral -Leﬁn> the n'ly, -Ler'm) iS Sn.

In the exomple okove, the inibick term s 52

ond the aenerl lerm Sns In-2.

In ovder to decihe o Segunce yom Com

EITHER  giue the gerwrol term Sn whart neZ,

OR  give the jniddicl term onmd a rCurtrence. welekion

e>presing  Sn os o Qunclion of Sne | Snez, -

v)s‘

N



Exom ple

Consider ogain the Seglance
S'=| ) '5139) Ssgq) S‘,=Io) 553 I3) con

'fmm obove |

We coudd dusebe Bhis Sequance by Simply S%Mnﬁ that,

Sn= -0 for oll ne 7,

thug Fm&w{,@@m@% & g@?"»&“%ﬁx&;@. thald E}h&g the h‘%p term .

HW) wa coudd alse have noticed thedt each term ,
after the fimt one, coadd be delined as the previcus
term plus 3. We could therefore  define the seguance
by §iting |

@) the inidiak term § = AND

b the recurmence reokion Son= Sptd for ne,.




Exoample  Some debinilions 53 recunrence rehdion:

1,,93, 0,0 w2l Up,r Wath ) neZy

34, 6,9,1%, . 133 Uy, TlUpth, Py

)

Nole that the abour twe seguancas  haue the some
avrence  Rlakion Uy, * Untn | bub are Ly
dllerent duw to their dillerent inilial terms,

E)mmg\e
4,2,4,9,%, ... Wzl ) Wy = 2u,, nedy
Exomple

0,1,1,2,3,5 8 I3,2,..
0,50, u,:=! Wney™ Uny tUpn, he &y

Nole that the last recurrence rehokion hguires fwo
imadick lerms Lo be SPQCI'-ci'Qo( n order to &huﬁ oh}a.‘ne

L\-\Q Se?wu'su .




Note thal it is not sullicient o lisk Lhe fist fews terms

wn ordar 1o define a seguencs !

Eangle

1,2,4, % 1 .

1, 2,9, 8,1, .

Thase two seguances house the some ficst lhres terms , bub
ost nol he some.



Arthmetic Segu,n ces

I? each lerm tn Q Seguance s given by uddu:% some fived Lolue

1o the prasiowns ‘:em, the seguence is Called o arthmelic
seguancs .

Githmetic seguances Ooxt thus defined b_& their L5l lerm anol

o recurrence reladion of the form

Uny = W td

chr some  constondt oL) which is IMM GS'U»Q (Su.\as\, ,-d:‘

commor tlerence
of lthe Seguance.

The ouwithmelic Seguance with initial lermn o cued  Common
diflerence A has Llhe Senernl -l:é:-m

U“= o+ (n'l)d ) Mere nNe& Z.,.

Example

The cdhmelic Seguence, with indinl leen, | and o229 .
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. § Ded .
=== P s Y Y
iht 504k e b b

& B v

feguance % A+ Sp-N«d = ?""3

{ia)

By



Geomehc Segg.mus

I each term in a segu.mq is given b_c' Wuﬁiipéﬁmﬁ the Previoans

+erm by some fived volua ) the ‘Seguance is callid a agemebic

[
e
S

Sﬁg‘wf*@%
geme\m:c. Seguancas  Oue thus  delimed by ther first term and
o recurvence wlokion of the fowm

Wny = rlp
ew Some censkm'k r, whach Y3 ‘Lno«uh [+ XY 'l:)\e

of the Seguancs.

(swul\ : k vo{)

Comrsarn Yakin:

The geome e segusnce with iniliol derm o  and Co-mmon

rekioc * has the Senemk term

un= &r“§| ) hé Zc,-.

Eo
- = @ ) -
-’i'-g'?‘ we;m;a,: i éa’a 3 22 ﬁﬂa ‘%"“‘?
0, 4
H&~§ '
g ey b 5 N o -~ :@
ing oD% SErra O Shal *i;‘,&;i B A8 D -



Cr
J

2)

-

Arithmetic Sums

The arithmetic sum with initial term a, common difference d and
n terms is the sum of n terms of an arithmetic sequence, that is

a+{a+d)+(a+2d)+...+(a+(n—1)d).

This arithmetic sum is

n
5 X (first term + last term ),

which is equal to

gx@a+m—1M)

Examplé The arithmetic sum
I1+34+54+7+94+...+501
has 251 terms, because
Uy, =901 and u, =1+ 2(n — 1),
yielding n = 251. |

The sum 1s thus § X (first term + last term )
= 251/2 x (14 501) = 63001.




ﬁ

Geometric sums

The geometric sum with initial term a, common ratio r and n

terms is the sum of the first n terms of a geometric sequence, that

is | '
a+ar+ari+... +ar"

Provided r # 1, this geometric sum is

r* —1
a X

r—1"

(Ifr=1 the sum is just the arithmetic sum with 7 terms, initial
term a and common difference 0, and thus has sum na.)

Example The geometric sum
142444 ...2048
has ’12 terms, because
u, = 2048 and u, =1 x 271,
yielding n = 12.

212__

1 _
=L = 4095.

The sum 1s thus 1 X

s,

\
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..Summation notation

We often have to write the sum of g sequence of numbers. An
example of this is the sum of the first 100 integers which can be

written as:
I+24+3+...4+100

or alternatively as:
100

>r
r=1
In general we can represent the sum of the first m terms of a

sequence u, by:

Example Summation notation:

4
Y (3r—1)=2+45+8+11
r=]

This is an example of the sum of the sequence defined by u; =2
and U41 = u, + 3 from the first term to the 4th term. The
values 1 and 4 are called the limits of the summation.




O outhmelic and o geomelric Sumn expressed n Z'ho{:c\l-'on

n (ne )N
So .

r=o

A=\

Z- r' - e ——
- r- ‘
L=0
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QA usell sum expressed. in Z-notation

The binemial. coeﬁﬁic:.m’c; (2) 1S defined as

4] .l
(f) = )T
~ These con be vusd Lo evoluole expressions (x+5)":

The foveuda is known os Lhe Binamial 77:eot-em:

(x+5) = 2(") X”-r r

{=o

—
=4

Exc.mg\e
I :
=g s B3 -Fe0 §rG)re ():6)s ()
So
ot 26wy
.(x+)— rmr X Y

(2)){'55 + (1) qu' * (i)fg‘ () 5 NN "+('s) Xy*

]

xs + 5_x"3 + lo x331+ 0 x"g + 5,\/3"+5$
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o,

\



Uuom.;ni with sums z‘hol:du‘cn

Fir\,l,\-e_ Lums Can ‘36. MW?MQL\ " 2"‘\0'1:0\L-'0n m. exac{lb 'H\e

Some Wwosy &S Wwe do n (\0\'\3\ notokion :

] m ™
Fovmata 13 2 (8000) = Dac + ) b
r=n r=n ran
2 =
FO'HV\MLO\'L.' Z_ COy = d Zar
c=n e

Exg\e
Y
Zz(&r*br) = Cayth,) + (ageb,) + (a ¢ b))
= (ogtogtog) + (h+b ¢h,)
g 4
= 20+ Qb
r=z r=y
Exggk
§
23% ® 3a,%*%a, +Ya, + 3a
o 1T 0% T oot dag

i

3 (9*7;* Q3+ Qy ¢+ Qg)

3
3 2o
rsy

@
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- Example The arithmetic sum |

n n{n + 1)
L=

This sum can be used to compute many other sums like for

ezample

1000 1000 1000
Y (r+1) = T(r)+ > 1

r=1

1000 1000
2 r+ X1
r=] r=1

Il

_ 2. 100;)- 1001 41000

= 1000 - 1001 + 1000
= 1001000 + 1000

= 1002000.

'
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;.Example The arithmetic sum |

>

r=1

n(n + 1)
5

can also be used to compute arithmetic sums that do not start

Jrom 0 like for ezample

1000

> (2r+1)

r=21

1000 20

> (2r+1) - > (2r+1)

r=1 r=1
20 20
1002000 -2 3" r — > 1
r=1 r=1
1002000 — 20 +21 — 20
1002000 — 420 — 20

1002000 — 440

1001560.
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- It is often possible to write the same sum in a number of different
ways.

Examplé Changing variables in a sum.
8

X (3r+2) =548+ 11+14+17 420 + 23 + 26

r=1

9
2 (35— 1) =5+8+ 11414417+ 20 + 23 4 96
s=2 .

To prove that these are equivalent we use the change of
variable given by s = r + 1.(& r=6)
First change the limits of the sum:

r=1=s=2

| | r=8=s=9
Then change the ‘body’ of the sum:

r+2=3s—-1)+2=23s~1

Hence

8 9
2 (3r+2)=3(3s—1)

r=1 s=2




